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Resumen 



La presente mcmoria dc tcsis ticnc como objcto cl cstudio dc solucioncs cosmologicas dcscritas por una 
metrica FLRW (en general tomada espacialmente plana) en el contexto, fundamentalmente, de extensiones 
de la Relatividad General, pero tambien en presencia de algunos de los candidates mas populares de la 
cncrgi'a oscura. 

Practicamente desde los tiempos de Copernico, la nocion fundamental sobre nuestro Universe es la ausen- 
cia de una posicion privilegiada de cualquier observador, lo que traducido en terminos modernos da lugar 
al Uamado Principio Cosmologico, que asumc cl liccho de que nos cncontrcmos en un Univcrso homogcnco 
e isotropo, lo que traducido en palabras significa que la metrica es la misma en todo punto del espacio y 
que este parece el mismo sea cual sea la direccion desde la que se observe. Esta aseveracion, que puede 
parecer pretenciosa si tenemos cn cucnta que cl centre del Sol cs muy difcrcntc al medio intcrgalactico, 
podria tener validez a escalas cosmologicas, es decir, mucho mas alia de ni siquiera los ciimulos de ga- 
laxias. A pesar de que hoy en dia hay sectores de la comunidad cienti'fica que cuestionan dicha validez, 
las observacioncs dc las galaxias lejanas y especialmente la gran isotropfa del CMB, sigucn mostrandose 
favorables a mantener el principio. El modelo de descripcion del Universo, el Uamado modelo del Big Bang, 
que tiene en dicho principio su base fundamental, ha sabido predecir con bastante acierto algunos de los 
aspectos mas fundamentales de la evolucion cosmologica, como pucde scr la abundancia de los elemen- 
tos. Dicho modelo predice un Universo en expansion que comenzo tras una gran explosion. Sin embargo, 
los detractores de dicho modelo cuestionan ciertos aspectos de la teon'a, pues el modelo a su vez no da 
respuesta a problcmas fundamentales como la planitud o cl problema del horizonte (bicn contrastados en 
las observacioncs), para los cuales es necesario "parchear" la teorfa con nuevos mecanismos (inflacion en 
este caso), que a su vez introducen nuevos problemas. A pesar de todo, el modelo del Big Bang sigue 
siendo hoy la mejor descripcion del Universo que poseemos, y los problemas que la teon'a pucda contener, 
pueden ser vistos como la incompletitud de nuestras teorfas, y podrfan servir para descubrir nueva ffsica 
que pudiera dar lugar a futuras predicciones. 

En el ano 1998, a traves de observacioncs de Supernovas lA, se llego a la conclusion de que el Universo 
no solo estaba en expansion como habi'a demostrado Hubble setenta afios atras, sino que ademas dicha 
expansion se estaba acelerando. Mucho antes de que este descubrimiento tuviera lugar otro problema di- 
ferente sacudi'a cl mundo dc la fi'sica teorica, el Uamado problema de la constante cosmologica. La cuestion 
aqui se debia a si la contribucion de la densidad de energia de vacio que predecfa la ffsica cuantica debfa 
tomarse en consideracion en las ecuaciones de Einstein a la hora de estudiar un determinado sistema como 
el cosmologico. Dicha contribucion aparccfa en las ecuaciones en la forma precisamente de una constante, 
que a nivel cosmologico podia producir una expansion acelerada. Esto podria parecer el final feliz de un 
problema abierto, la aceleracion del Universo no serfa sino el resultado de la presencia de una constante 
cosmologica, cuyo origen estaria en el vacfo cuantico. Sin embargo, Icjos de resolvcr cl problema, quizas lo 
agravo, pues la diferencia entre la densidad de vacio predicha por las tcon'as cuanticas, y aquella medida 
en las observacioncs es de 122 ordenes de magnitud! 

Esto dio lugar a que en la ultima decada sc hayan propuesto multitud de posibles candidates para explicar 
dicha aceleracion del Universo, todos ellos englobados bajo el nombre de encgia oscura, siendo el mas po- 
pular de estos modelos el Uamado modelo A CDM, que sigue considerando la constante cosmologica como 
I'mica rcsponsablc. Sin embargo, la constante cosmologica, ademas dc los problcmas ya expucstos, posee 
una ccuacion dc cstado constante pjy — —pA , micntras que las observacioncs apuntan cada vez mas a un 
caracter dinamico dc dicha ccuacion de la energia oscura. Esta epoca de expansion acelerada comenzaria 
cuando la densidad de materia barionica/oscura descendiese, y la de la energia ocura pasaria entonces a 
dominar. 

Sin embargo, ademas de esta epoca de aceleracion, es necesario considcrar la inflacion tambien, la cual 
supone otra fase de aceleracion al comienzo del Universo, y cuyo principal candidate es el campo escalar 
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conocido como inflaton. Todo cllo hacc pcnsar dc forma natural que ambas fascs pudieran estar rela- 
cionadas de algiin modo, y que ambas hayan sido el producto de un mismo mecanismo. 

En este contexto de cosmologia actual, la presente tesis tiene como objetivo fundamental la recons- 
truccion de modelos cosmologicos que a traves de un mismo mecanismo pucdaii cxplicar tanto la inflacion 
como la aceleracion actual del Universe, y dar una respuesta fehaciente la evolucion del Universe. Para 
ello, a partir de soluciones FLRW y haciendo uso de las ecuaciones de campo, se reconstruira la accion 
precisa que reproduce una solucion determinada. En este sentido se investigara en primer lugax campos 
escalares del tipo "quintessence/phantom", los cuales ya han sido considerados como candidates para 
energia oscura, pero que aqui tambien se considerara la pesibilidad de que puedan servir para explicar 
inflacion. Varios ejemplos dc csta reconstruccion se muestran en el capitulo dos. Ademas, aqui tambien se 
considerara la pesibilidad de utilizar varios escalares de este tipo para poder preducir una transicion suave 
a una fase de "phantom" (donde la ecuacion de estado serfa menor que -1), pues dicha transicion se ha 
dcmostrado inestable cuando hay solo un campo cscalar cuyo tcrmino cinctico sc hacc ccro cn algiin punte. 
Per otro lade, se exploraran teerfas del tipo Brans-Dicke, donde la gravedad viene definida per el campo 
metrico y por un campo escalar fuertemente acoplado, estas teerfas tienen un gran interes, pues aparte del 
hecho dc que puedan explicar la energia oscura, son equivalentes a las Uamadas teorias de gravedad modi- 
ficada f{R) , lo cual supene una buena herramienta para estudiar estas ultimas tal y come se explerara en 
el capftulo cuatro. Ademas, se estudiara la relacion, siempre discutida, entre estas teerfas escalar-tensor 
definidas en cl marco dc Jordan y el de Einstein, donde interesantes resultados seran obtenidos. Se ex- 
plora tambien la pesibilidad de un Universe con una evolucion oscilateria, donde el Uamado problema de 
la ceincidencia (el hecho de que las densidades de materia y energfa oscura scan practicamente iguales en 
el presente, y no antes ni despues) puede ser facilmente rebatido, puesto que el Universe se moverfa per 
fases cfclicas. 

Al margen de esto. cl principal objetivo de la memoria es cl cstudio de teerfas de gravedad medificada, 
especialmente las llamadas teerfas f{R) y gravedad de Gauss-Bonnet, come respuestas a la energfa oscura 
cenjuntamente con inflacion. Dade que los principios que sustentan la Relatividad General, el de equiva- 
lencia, covariancia y relatividad, no hacen una gran restriccion a la forma que han de tener las ecuaciones 
de campo, la eleccion de estas puede quedar supeditada a las ebservacienes y experimentes. Ya en su 
memento Einstein eligio sus ecuaciones por el hecho de que, aparte de la conservacion de la energfa, en 
el Ifmite no relativista se recuperaba la expresion de Newton. Del mismo modo, uno puede pensar que la 
energfa oscura y la inflacion no son mas que malas definicienes de nuestras ecuaciones que, bajo ciertas 
correcciones, pueden ser cxplicadas. En este sentido se mostraran diversas reconstrucciones de teorfas que 
puedan explicar las mctricas dc FLRW que sc propongan. Especialmente sc hara cnfasis cn la recons- 
truccion del modelo de A CDM sin constante cosmologica pero con terminos geometricos adicionales, asf 
como de modelos donde exista una transicion "phantom" . Ademas, este tipo de teorfas podrfan dar una 
explicacion ccrtcra al problema dc la constante cosmologica. pues la energia de vacfo es contrarrestada por 
los terminos geometricos, dando lugar al valor observado. Tambien se estudiaran modelos donde fluidos 
adicionales son considerados conjuntamente con las correcciones de las ecuaciones para explicar los com- 
portamientos dc la evolucion del Universe. En este contexto se explorara tambien la relacion entre los 
marcos de Jordan y el de Einstein. 

Sin embargo, hay que ser cuidadoso a la hora de modificar dichas ecuaciones, pues tales correcciones 
pueden dar resultados cxitosos a escalas cosmologicas pero catastroficas violacioncs a cscalas locales como 
la Tierra o el Sistema Solar. En este sentido se estudiaran los Uamados modelos "viables o realistas", 
donde las modificaciones de la Relatividad General solo son importantes a grandes escalas, y la ley de 
Einstein se recupcra a escalas mcnores, un poco en la misma li'nea que cl mecanismo de "camalcon" en las 
teorias escalar-tensor. Por tanto, se estudiara la reconstruccion de soluciones cosmologicas (espaciostiempo 
FLRW pianos esencialemnte) en el marco de teorfas f{R) y Gauss-Bonnet, donde se mostrara como, de 
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forma natural, las cpocas de inflacion y acclcracion actual, pueden ser explicadas en el marco de dichas 
modificaciones sin necesidad de invocar componentes exoticos. 

Ademas, y dada la reciente propuesta por parte de Hofava de una teoria gravitatoria que parece ser 
rcnormalizablc, distintos aspcctos dc csta scran cstudiados. Dicha tcori'a, conocida ya como gravcdad dc 
Hofava-Lifshitz, asume una anisotropia en la coordenada temporal respecto a las espaciales, de manera 
similar a las anisotropias utilizadas en las teorias de Lifshitz en materia condensada, lo que supone la 
renormalizacion dc la tcori'a pcro a la vcz la niptura dc la covariancia, dando lugar a violacioncs dc los 
principios que sustentan (y que estan bien comprobados por los experimentos a escalas muy por debajo de 
la escala de Planck) la relatividad de Einstein. Sin embargo, se supone que en el Hmite infrarojo (IR) la 
tcori'a clasica sc rccupcra, sicndo cl mccanismo para cUo no del todo claro, aunquc sc lian rcalizado intcntos 
para comprenderlo. El ultimo de ellos es introducir una nueva simetn'a U{1) en el modelo, lo que forzan'a 
en el Kmite IR a recuperar la Relatividad General, en este sentido en la presente memoria se exploran 
cxtcnsioncs dc dicho modclo. Otro modo, cstudiado cn la prcscntc tcsis, y que cvita las incstabilidades 
del modo de espi'n-0 que la teoria de Hofava produce en el li'mite IR alrededor de la solucion de vaci'o de 
la teoria, es considerar una accion, donde "de Sitter" seria estable y considerada como la solucion natural 
en vaci'o cn lugar del espaciotiempo de Mikowski. 

Al margen de los problemas intrmsecos de la teon'a, la gravedad de Hoi^ava-Lifshitz sufre del mismo 
problema que la Relatividad General a nivel cosmologico, esto es que no puede explicar por si sola la 
acelcracion del Univcrso, tanto actual como dc la epoca inflacionaria. De modo que en analogi'a con las 
extensiones estudiadas en gravedad f{R) , la accion de Hofava-Lifshitz puede extenderse a acciones mas 
generates f{R) para reconstruir soluciones cosmologicas que reproduzcan los efectos de la energia ocura, y 
que incluso lo unifiqucn con inflacion. En cstc contcxto, varios modelos y cjcmplos son cstudiados. Ademas 
se explorara las correcciones Newtonianas debidas al modo escalar introducido por la funcion /(i?) (que 
no por la anisotropia temporal), y la reconstruccion de una accion libre de singularidades cosmologicas. 

Por ultimo, respecto a las singularidades, los dos liltimos capi'tulos de esta memoria estaran dedicados 
al estudio de posibles efectos semiclasicos alrededor de ellas. Las singularidades son bastante comunes en 
soluciones de la Relatividad General, asi como en sus extensiones, y suponen puntos del espaciotiempo 
donde nuestras teorias se suponen no validas y es necesario una teon'a cuantica consistente de la gravedad. 
Algunos efectos de origen cuantico como el efecto Casimir o la anomalia conforme, seran explorados 
alrededor de singularidades cosmologicas del tipo "Big Rip" . Se demostrara que dichos efectos semiclasicos 
apenas tienen relevancia y que la singularidad no es evitada en la mayor parte de los casos. Ademas, se 
estudiara la validez de los Hmites sobre la entropi'a del Universo, como aquellos propuestos por Verlinde, 
y la validez de la formula de Cardy- Verlinde, que da una derivacion directa de los Hmites dinamicos de 
la entropi'a, y la correspondencia que sc establece entre las ecuaciones de FLRW y las de una Teoria de 
Campos Conforme (CFT) 2d. Todo ello sera estudiado en contextos mas generates. 
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Resum 



La present mcmoria dc tcsis to com a objccte I'estudi de solucions cosmologiques descritcs per una 
metrica FLRW (en general espacialment plana) en el context, fonamentalment, d'extensions de la Rela- 
tivitat General, pero tambe en presencia d'alguns dels candidats mes populars de I'energia fosca. 
Practicament des dels temps dc Copcrnic, la nocio fonamcntal sobrc al nostrc Univcrs cs I'abscncia d'una 
posicio privilegiada de qualsevol observador, el que en termes moderns dona Hoc a I'anomenat Principi 
Cosmoldgic, que assumeix el fet que ens trobem en un Univers homogeni i isotrop, el que tradui't en pa- 
raules plancres vol dir que la metrica cs la matcixa cn tot punt dc I'cspai i que aqucst scmbla el mateix 
sigui la que sigui la direccio des de la qual s'observi. Aquesta asseveracio, que pot semblar pretenciosa si 
tenim en compte que el centre del Sol es molt diferent al medi intergalactic, podria tenir validesa a escales 
cosmologiques, cs a dir, molt mcs cnlla dels cumuls dc galaxies. Tot i que avui cn dia hi ha sectors de 
la comunitat cientifica que qiiestionen la seva validesa, les observacions de les galaxies Uunyanes i espe- 
cialment la gran isotropia del CMB, segueixen mostrant-se favorables a mantenir el principi. El model de 
descripcio dc I'Univcrs, I'anomenat model del Big Bang, que te en aquest principi la seva base fonamcntal, 
ha sabut predir amb forga encert alguns dels aspectes mes fonamentals de I'evolucio cosmologica, com pot 
ser I'abundancia dels elements. Aquest model prediu un Univers en expansio que va comengar despres 
d'una gran cxplosio. No obstant aixo, els detractors d'aqucst model qiiestionen certs aspectes de la teoria, 
ja que el model no dona resposta a problemes fonamentals com la planitud o el problema de I'horitzo (ben 
contrastats a les observacions), per als quals cal "apedagar" la teoria amb nous mecanismes (inflacio en 
aquest cas), a la vcgada introducixcn nous problemes. Malgrat tot, el model del Big Bang segueix sent 
avui la millor descripcio que posseim de I'Univers, i els problemes que la teoria pugui contenir, poden ser 
entesos com deguts a la imcompletesa de les nostres teories, i podrien servir per descobrir nova fi'sica que 
pogues donar Hoc a futures predictions. 

L'any 1998, a traves d'observacions de Supernoves lA, es va arribar a la conclusio que I'Univers no nomes 
estava en expansio, com havia demostrat Hubble setanta anys abans, sino que a mes aquesta expansio 
s'cstava accelerant. Molt abans que aqucst descobriment tingues Hoc, un altre problema diferent sacseja el 
mon de la fisica teorica, I'anomenat problema de la constant cosmologica. La qiiestio era si la contribucio 
de la densitat d'energia del buit que predeia la fisica quantica s'havia de tenir en compte en les equacions 
d'Einstein a I'hora d'estudiar un determinat sistema com el cosmologic. Aquesta contribucio apareixia cn 
les equacions en la forma precisament d'una constant, que a nivell cosmologic podia produir una expansio 
accelerada. Aixo podria semblar el final felig d'un problema obert, I'acceleracio de I'Univers no seria sino 
el resultat de la presencia d'una constant cosmologica, amb origen en el buit quantic. No obstant aixo, 
lluny de resoldre el problema, mes aviat el va agreujar, ja que la diferencia entre la densitat de buit predita 
per les teories quantiques, i la mesurada per les observacions, es de 122 ordres de magnitud! 
Aixo va donar Hoc a que en I'ultima decada s'hagin proposat multitud de possibles candidats per ex- 
plicar aquesta accclcracio dc I'Univers, tots ells englobats sota el nom d'energia fosca, sent el mes popular 
d'aquests models I'anomenat model A CDM, que segueix considerant la constant cosmologica com a linica 
responsable de I'acceleracio. No obstant aixo, la constant cosmologica, a mcs dels problemes ja cxposats, 
te una equacio d'estat constant p\ = —pA , mentrc que les observacions apunten cada vegada mes a un 
caracter dinamic d'aquesta equacio de I'energia fosca. L'epoca d'expansio accelerada comengan'a quan la 
densitat dc materia barionica/fosca baixcs, i la de I'energia fosca passaria Uavors a dominar. 
Pcro, a mcs d'aquesta cpoca d'accclcracio, cal considcrar la inflacio tambe, que suposa una altra fase 
d'accclcracio al comcncamcnt dc TUnivers, on el principal candidat es el camp escalar conegut com inflate. 
Tot aixo fa pensar de forma natm-al que les dues fascs puguin estar relacionades d'alguna manera, i que 
ambdues hagin estat el producte d'un mateix mccanisme. 
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En cl context dc la cosmologia actual, aquesta tcsi tc com a objcctiu fonamcntal la rcconstruccio dc 
models cosmologies que mitjan^ant un unie meeanisme puguin explicar tant la inflaeio com I'acceleraeio 
actual de I'Univers, i donar una resposta fefaent a I'evolucio de I'Univers. Per aixo, a partir de solucions 
FLRW i font us dc Ics cquacions dc camp, cs rcconstruira I'accio prccisa que reprodueix una solucio dcter- 
minada. En aquest sentit s'investigara en primer lice camps escalars del tipus "quintessence/phantom", 
els quals ja han estat considerats com a candidats per a I'energia fosca, pero que tambe es considerara 
la possibilitat que puguin servir per explicar inflaeio. A mes, aqui' tambe cs considerara la possibilitat 
d'utilitzar diversos escalars d'aquest tipus per poder produir una transicio suau a una fase de "phantom" 
(on I'equacio d'estat seria menor que -1), ja que aquesta transicio s'ha demostrat inestable quan hi ha 
nomcs un camp cscalar, el termc cinctic cs fa zero en algun punt. D'altra banda, s'exploren teories del tipus 
Brans-Dicke, on la gravetat ve definida pel camp metric i per un camp escalar fortament acoblat, aquestes 
teories tenen un gran interes, perque a banda del fet que puguin explicar I'energia fosca, son equivalents 
a les anomenades teories de gravetat modificada f{R) , la qual cosa suposa una bona eina per estudiar 
aquestes liltimes tal com s'explorara en el capitol quatre. A mes, s'estudiara la relacio, sempre discutida, 
entre aquestes teories escalar-tensor definides en el marc de Jordan i el d'Einstein, on obtindrem interes- 
sants resultats. S'explorara tambe la possibilitat d'un Univcrs amb una evolucio oscilatoria, on I'anomenat 
problema de la coincidencia (el fet que les densitats de materia i energia fosca siguin practicament iguals en 
el present, i no abans ni despres) pot ser facilment rebatut, ja que I'Univers es mouria per fases cicliques. 



Al marge d'aixo el principal objcctiu dc la memoria es I'estudi de les teories de gravetat modificada, 
especialment les anomenadas teories f{R) i la gravetat de Gauss-Bonnet, com a resposta a la energia fosca 
conjuntament amb inflaeio. Donat que els principis que sustenten la relativitat general, els d'equivalencia, 
covariancia i relativitat, no imposen una gran restriccio sobre la forma que han de tenir les equacions 
de camp, I'eleccio d'aquestes pot quedar supeditada a les observacions i experiments. Gal recordar que 
Einstein va escoUir les ecuacions pel fet que, a part de la conservacio de la energia, en el limit no relativista 
hom recuperava la expressio de Newton. De la mateixa manera, un pot pensar que I'energia fosca i la 
inflaeio no son mes que males definicions de la teoria que, sota certes correccions, poden ser explicades. 
En aquest sentit, es mostraran diverses reconstructions de teories que puguin explicar per si soles les 
metriques que es proposin. Especialment, es posara enfasis en la reconstruccio del model A GDM sense 
constant cosmologica pero amb termes geometries adicionals, aixf com de models on existeixi una transicio 
"phantom". A mes, aquest tipus de teories podrien donar una explicacio precisa al problema de la cons- 
tant cosmologica, doncs en aquest cas I'energia de buit es contrarestada pels termes geometries donant 
Hoc al valor observat. Tambe s'estudiaran models on fluids adicionals son considerats conjuntament amb 
les correccions dc les cciiacions, per explicar els comportaments de I'evolucio dc I'Univers. En aquest 
context, s'explorara tambe la relacio entre els marcs de Jordan i el d'Einstein. No obstant, cal ser euros a 
I'hora de modificar aquestes ecuacions, doncs les dites correccions poden donar resultats exitosos a escales 
cosmologiqucs pero catastrofiqiics violacions a escales locals com la Terra o el Sistcma Solar. En aquest 
sentit, s'estudiaran els anomenats "models viables" , on les modificacions de la Relativitat General nomes 
son importants a gran escala i la Ilei d'Einstein es recupera a escales menors, en la mateixa Hnia que 
I'anomenat "meeanisme de eamalco". S'estudiara la rceonstrucio de solucions cosmologiqucs en el marc 
de teories f{R) , on es mostrara com de forma natural les epoques d'inflacio i d'acceleracio actual poden 
ser explicades sense necessitat d'invocar continguts exotics. 

A mes, i donada I'liltima proposta per part de Hofava d'una teoria gravitatoria que sembla scr renor- 
malizable, n'estudiarem diferents aspectes. Aquesta teoria anomenada com gravetat de Hofava-Lifshitz, 
assumeix una anisotropia en la coordenada temporal respecte a les espacials, de manera similar a les 
anisotropics utilitzadcs en les teories de Lifshitz en materia condensada, lo que suposa la rcnormalitzacio 
de la teoria, pero a I'hora la ruptura de la covariancia donant Hoc a violacions dels principis que sustenten 
la Relativitat. No obstant, es suposa que en el limit IR, la teoria clasica emergeix. El meeanisme no es. 
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per aixo, del tot clar, tot i que s'han realitzat diferents intents d'cxplicar-lo. L'ultim d'aqucsts cs introduir 
una nova simetria en el model, que forgaria en el limit IR a recuperar la Relativitat General. En aquest 
sentit, extensions d'aquest model son explorades en la present memoria. Una altra posible solucio que 
podria cvitar Ics incstabilitats del mode d'cspi-O que cs producix en cl limit IR al voltant dc la solucio 
del buit de la teoria, seria considerar una accio, on "de Sitter" fos estable i que seria considerada com la 
solucio natural al buit en Hoc de Mikowski. 

Al marge dels problcmcs intrmsccs de la teoria, la gravctat dc Hofava patcix del matcix problema que la 
Relativitat General a nivell cosmologic, aixo es que no pot explicar I'acceleracio del Univers, tant Factual 
com la de I'epoca inlaccionaria. Aixi doncs, en analogi'a amb les extensions estudiades de la Relativitat 
General, I'accio es pot estendrc a /(i?) per rcconstruir solucions cosmologiqucs que reprodueixin els efectes 
de I'energia fosca i I'unifiquin amb inflacio. Diferents models i exemples son estudiats, a mes s'exploraran 
les correccions newtonianes (nomes per al mode escalar de f{R) , i no per a la correccio de I'anisotropia 
temporal) i la reconstruccio d'lma accio Uiurc dc singularitats cosmologiqucs. 

Per iiltim, respecte a les singularitats, els dos darrers capitols d'aquesta memoria estan dedicats a I'estudi 
de possibles efectes semiclasics al voltant d'elles. Les singularitats son bastant comuns en solucions de la 
Relativitat General, aixi com cn les seves extensions, i suposcn punts de I'cspaitemps, on les nostres teories 
es suposen no valides. Alguns efectes d'origen quantic com I'efecte Casimir, o I'anomolia conforme seran 
explorats al voltant de singularitats cosmologiques del tipus "Big Rip". Es demostrara que els efectes 
esmentats, gairebc no tenen rellevancia i la singularitat no cs cvitada cn la major part dels casos. A mes, 
s'estudiara la validesa dels limits sobre I'entropia de I'Univers al voltant d'aquestes singularitats. Tambe 
s'estudiara la formula de Cardy-Verlinde, que dona una derivacio directa dels limits dinamics de I'entropia, 
i la validesa de la corrcspondcncia que s'establcix entre les equacions de FLRW i les d'una Teoria de Camps 
Conforme (CFT) en 2d, en contextes mes generals. 
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Chapter 1 



Introduction 



1.1 Modern cosmology: from Hubble law to dark energy 

Let us start with a brief historical review of the main facts and discoveries occurred during the last century 
in the field of cosmology and gravitational physics. The theories constructed and observations performed 
along the last one hundred years, are the basis of the research nowadays. The history of Cosmology as 
a science can be looked as the construction of a pyramid that you do not know how high will be at the 
end, and whose basis has to be so robust to support even if increased. Thus, step by step cosmology is 
being built, where new problems arise on each step, so that the theory has to be amplified (sometimes 
just papered over it) with new elements in order to achieve the explanations of the problems arisen, what 
usually drive us to new physical aspects. The main question, probably with no right answer at present, 
is how strong is the basis in order to resist the weight to add new aspects and therefore, new problems. 
Among other questions, some of the main task of theoretical physics nowadays has something to be with 
cosmology, whose unresolved problems have motivated, among a lot of published papers, a lot of PhD 
thesis as the current one. This justifies the need to understand well the origins of modern cosmology, 
whose theory, observations and experiments are the basis of the research nowadayi^ 




One could say that modern cosmology started with the appearance of Einstein theory of gravity in 
1915, Ref. [1271 1128] . which abandoned the notion of gravity as a force, and instead of it, the so-called 
General Relativity (GR) proposed a geometrical point of view for gravity. As at present, one believed in 
the validity of the so-called Cosmological Principl^ which basically establishes that the Universe is the 
same in every point (at large scales), what from a mathematical point of view, it means that the Universe 
is homogeneous and isotropic. Nevertheless, the first attempt to construct a realistic cosmological model 
in the frame of GR was based on a very different idea from what we think now, it was believed on an static 
Universe with no beginning and end. In order to achieve such kind of solution, Einstein introduced for the 
first time, the cosmological constant (cc) in his field equations (see Ref. ,129) ). what yields, under certain 
conditions, an unstable static Universe (what for Einstein would be my biggest blunder of my life). At the 
same time, Willem de Sitter found an expanding cosmology with the presence of a cosmological constant, 
but this kind of cosmology was ignored along the years. Later in 1922, Alexander Friedmann found a solu- 



^On modern cosmology, see for example the textbooks Ref. 12101 1 253] 12541 . 

^Actually at that moment it was believed on the validity of Copernican Principle, and it was not until 1933 when modern 
Cosmological Principle was proposed by Edward Milne, which supposed a generalization of the preceding one. 
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tion of the Einstein's field equations that suggests an expanding Universe. Almost simultaneously, Georges 
Lemaitre proposed for the first time, a creation event as the beginning of the Universe expansion, being 
the first model that later would be known as the Big Bang modeQ and proposed the distance-redshift 
relation that would explain the expansion of the space. These proposals, together with the metric given 
by Howard Percy Robertson and Arthur Geoffrey Walker, give the name of what we know nowadays as 
the Friedmann-Lemaitre- Robertson- Walker solution of the gravity equations, and which (we believe) is the 
best fit to describe our Universe evolution. However, the crucial fact occurred in 1929, when Edwin Hubble 
showed the linear relation between the distance and redshifl]^ By using the observational data accounted 
by Vesto Slipher on galaxies spectra some years before, he showed the fact of the expansion of the Universe. 

From here on, the discover of the expansion of the Universe gave a strong support to the development 
of the Big Bang model proposed by Lemaitre. The measures on the abundances of the elements as the 
Hydrogen, Helium or Lithium were well predicted by the Big Bang model, by means of the initial hot 
state of the Universe, when primordial nucleosynthesis occurred. As the Universe was growing, it became 
colder and colder, such that the radiation decoupled, and at that moment, it was emitted what we call the 
Cosmic Microwave Background (CMB), discovered by the astronomers Arno Penzias and Robert Wilson 
in 1965. Then, these two facts among others, made the Big Bang model as the most popular model to 
explain the Universe evolutiorj^ However, this does not mean that the model was absent of problems. 
Actually, during the sixties and seventies, main unresolved questions of the model were pointed out: 

• The horizon problem, which present the problem of the causal connection between far away sides of 
the Universe. 

• The flatness problem. Big Bang model does not predict a flat Universe while the observations on 
the CMB suggested that the Universe was almost flat. 

• Other important problems: Baryogenesis, the observed asymmetry between matter-antimatter is ab- 
sent of any explanation. The Monopole problem, it consists on the production of magnetic monopoles 
at the initial states of the Universe, which is not observed. 

These were probably the main troubles of the Big Bang model at that time. However, the horizon and 
flatness problems could be explained at the beginning of the eighties by postulating an initial super- 
accelerated phase called inflation, proposed initially by Alan Guth in 1981, Ref. |169| (what nowadays is 
known as old inflation), and later by Andrei Linde in 1982, Ref. |201| . While the baryogenesis problem 
is still unresolved (for a review on the topic see Ref. |125| '). although I will not enter on this trouble as 
this is not the target of the present thesis. Almost simultaneously, it was pointed out that the rotational 
curves of galaxies could not be explained in the frame of GR if no new and unobserved matter is included 
in our galaxies and then, in our Universe. This new matter, which is believed to be ten times the amount 
of observed barionic matter, was called Dark Matter, and among the astrophysical problems, it is also 
necessary in order to explain the structure formation of the Universe, the CMB anisotropics or the observed 
gravitational lensing. Then, we have another question to resolve, to find out what actually Dark Matter 
is. 

Then, we had with these ingredients, an inflationary-Big Bang model, with relatively successful, but 
not absent of serious problems. However, our pyramid hided another surprise inside, in 1998 by means of 

^The term Big Bang was later proposed by Fred Hoyle in 1950. 

^Hubble's law established a linear redshift-distance linear relation, which is valid to distance of some hundreds of Mpc, 
but has to be corrected at larger scales 

^Note that an alternative to the Big Bang model, the so-called Steady State Theory, was important until the discovery of 
CMB in 1965 and definitely refused when the anisotropies of CMB were measured by COBE in 1992. 
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measuremens of the luminosity of Supernovae lA, it was discovered that the Universe is not just expanding 
but accelerating its expansion, what supposed the beginning of the so-called dark energy models in order 
to explain such atypical behavior of the Universe at large scales. 

It is difficult to explain in a brief introduction all the implications of these (not essential) modifications 
of the standard Big Bang model. However, one has to note that inflation, late-time acceleration or CMB 
observations are products of the basis of our model, what means that under a different model probably 
we would have never reached, along the last century, such conclusions. Then, now the question arises, is 
our pyramid on the Big Bang model so robust to support all these troubles? while we try to answer this 
difficult question, let us try to study and find a natural explanation to the problems that the model still 
has. 



Inflationary cosmology 

As it has been commented above, inflation was needed in order to explain two intrinsic problems of the 
Standard model of cosmology: the horizon and flatness problems. It consists in an initial accelerated 
phase after the origin of the Universe, that makes the Universe expansion to proceed beyond its proper 
horizon. This epoch ends in a hot state, assumed to be produced by the so-called reheating, and leads 
into the known radiation and matter dominated epochs. The first attempt, pointed out by Alan Guth 
Ref. |169j . was based on a first order transition phase of our Universe from a false vacuum to a true 
one. The responsible for such transition is the so-called inflaton, which is immersed initially in a false 
vacuum, acting as an effective cosmological constant and producing a de Sitter accelerating expansion. 
Then, inflation ends when the inflaton tunnels to the true vacuum state nucleating bubbles. The problem 
(already pointed by Guth in his original paper) is that in order to get an initial hot state after inflation 
ends, the nucleated bubbles should be enough close to produce radiation by means of collisions between 
the walls of the bubbles. However, as inflation has to last long enough to resolve the initial problems, 
the bubbles stay far from each other, and the collisions between bubbles become very rare, what gives no 
possibility to reheat the Universe and get the initial Big Bang state, where primordial nucleosyntesis has 
to be realized. 

Nevertheless, after this initial model, it was Linde who proposed a more successful one, where inflation 
is driven by a scalar fleld , which produces a second order phase transition. In this model, known 
as slow-rolling model, inflation occurs because the potential of the scalar fleld V{(j)) has a flat section, 
working as an effective cc, where the fleld slow rolls. Then, the potential is assumed to have an steep well 
where the inflaton decays starting to roll faster to a minimum situated in V{(j)) = , breaking the slow-roll 
and ending the inflationary period (an example of such kind of potentials is given in Fig{rT]). When the 
field reaches the minimum, it starts to oscillate around it, producing particles and reheating the expanded 
Universe. This can resolve the problems of the old inflation, and also gives an explanation of the origin of 
density perturbations by means of quantum fluctuations of the scalar fleld, and which later produce the 
formation of large scale structures as well as the anisotropies of the CMB. However, some questions are 
still unresolved, as the mechanism to start inflation (initial conditions problem) or how reheating works, 
what is not yet completely clear. 

As it will be shown along the thesis, inflation can be also reproduced purely in terms of gravity, with 
no need to invoke scalar or other kind of flelds. On this way, Starobinsky proposed in 1980 Ref. |285| a 
model for cosmology free of initial singularity, where higher order terms as R^ are involved in the action. 
This model can reproduce inflation, what can be seen easily by the fact of the mathematical equivalence 
between some kind of scalar-tensor theories and modifled gravities of the type f{R) ■ Nevertheless, the 
same problems as in scalar fleld inflation remain in modified gravity. 
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Slow roll 
Inflation 




Figure 1.1: A typical potential for slow roll inflation. Other kind of potentials can also produce inflation 

Another important aspect that will be studied in the present thesis is the possibility to unify inflation 
and late-time acceleration under the same mechanism (scalar fields, modified gravity or perhaps a com- 
bination of both). The majority of the scientific community, as a consequence of recent observations, has 
accepted that our Universe expansion is accelerated nowadays, so one could ask if both accelerated phases 
could be related, and produced by the same mechanism. In this way, in Chapter 2 and 3, the possibility 
to construct an scalar field potential that could reproduce both epochs is shown, as in Fig. |1.2[ where the 
scalar field has decayed after inflation but the minimum is now non-zero such that the residual of inflation 
acts as a cc that becomes dominant at late-times when the radiation/matter densities decrease. 



Figure 1.2: Example of an scalar potential for the unification of inflation and late-time acceleration. 

In the same way, modified gravities as /(i?) or Gauss-Bonnet models, can reproduce both epochs in 
a natural way with no need of any extra field, and remaining invariant the rest of cosmological aspects, 
mainly the radiation/matter epochs, as it will be shown along the thesis. 



Late-time acceleration 



V{6)A 



Inflation 




Since 1998, when observations of Supernova lA, realized by two independent groups (see Refs. [2601 [257]), 
pointed to the idea of an accelerating expansion, such hypothesis has been accepted by the majority of 
scientific community. Since then, a lot of models and candidates, which are included under the name of 
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Dark Energy (DE), has been proposed in order to explain the phenomena (for reviews on DE candidates 
see Refs. [TTU H^Tl [MSI IMSl H^), being the A CDM model, where a cc acts as a perfect fluid with 
negative pressure, the most popular one. 

Supernova data pointed to a transition from decelerated to accelerated expansion (assuming an spa- 
tially flat metric), such that a Universe with a current content of dust-matter fl'^ ~ 1 does not fit the 
observations, while it works when fl'^ ^ 0.3 and the rest of content is filled by a perfect fiuid with negative 
pressure, actually with an Equation of State (EoS) p = wp , where w < —1/5 is required. This requires 
the violation of at least one of the energy conditions, which for a perfect fiuid can be written as, 

• Strong energy condition: p + 3p > — > w > —1/3 . 

• Weak energy condition: p + p > — > w > —1 . 



Then, in order to satisfy the requirement to have accelerating expansion, one has to violate at least the 
Strong energy condition, but may be also the weak one (Phantom case). As it has been mentioned, the 
simplest model that satisfied such requirement is a cc A , which behaves with an EoS pa = — Pa ■ However, 
other candidates as scalar-tensor theories or modified gravities, analyzed along the present thesis, could 
be good candidates from a theoretical point of view, as it is shown below, or at least they could just 
contribute to the acceleration in combination with other candidates. 

Before analyze the reasons to explore different models beyond A CDM, let us continue with the arguments 



No Big Bang 




mass density 



Figure 1.3: Confidence regions for dust-matter and dark energy densities constrained from the observations 
of Supernovae lA, CMB and galaxy clustering. From Ref. [3]. 

which support the idea of an accelerating Universe apart from the luminosity distance from Supernova. 
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Then, we have that the age of the Universe is very sensible to the content of the Universe, where the oldest 
stellar populations observed are about ISGyrs old, so that the age of the Universe has to be i„ > 13Gyrs . 
Then, a Universe absent of dark energy violates such constraint, while for example for A CDM model, 
we have i„ = 13.73Gyrs . Also the observations related to the CMB and large scale structure support 
the idea of a Universe filled with dark energy. From the data collected by WMAP3, we have that the 
primordial fluctuations are nearly scale invariant, which agree very well with inflationary predictions, and 
the position of the first peak constraints the spatial curvature of the Universe to be fi^f = 0.015^Q;g^g 
(see Ref. [283| ). almost spatially fiat, where it is assumed an EoS parameter for dark energy wde = — 1 ■ 



Then, the density for dark energy would be 51a — 0.72*0.04. In |1.3[ the confidence areas are plotted 
using Supernova lA, CMB and large scale galaxy clustering. We can see that a non-flat Universe is almost 
refused and the most probable solution is a Universe filled with 30% of dust matter (barionic and cold 
dark matter) and 70% of the so-called Dark Energy. 

Finally, it is important to note that all these measurements are sensible to the choice of model, such 
that in a FLRW Universe, the theory needs dark energy while in other kind of metrics, it may not. 



Why not just A CDM? 

As it was mentioned above, A CDM model was the first model proposed to explain dark energy and 
probably it is going to be the simplest (at least aesthetically) model shown at the present thesis. It is 
described by the action, 

j d^x^[R-2K)+ j d^x^L^ , (1.1) 

where g = det[(7^i/] , being g^^^ the metric, R the Ricci scalar, Lm the lagrangian for the matter content 
(radiation, baryons, cold dark matter..), and A the cc. This action can well reproduced cosmic acceleration 
and fit the observational data commented above by fixing the value of A to be approximately the current 
Hubble parameter, 

K^Hl = (2.13/ilO-42)2g,gy2 _^ p^^J_^ lO-^^GeU^ . (1.2) 

ottG 

However, this presents several problems. The main one is the so-called cosmological constant prohler^^ 
which was known much before late-time acceleration was discovered. In particle physics, the cc appears 
as a natural vacuum energy density, which has to be included in Einstein's field equation to contribute to 



gravity. The problem arises because of the large difference between the observed value of the cc ( 1.2 ), and 
the vacuum energy density predicted by particle physics, suffering of a severe fine-tuning problem. The 
vacuum energy density can be calculated as the sum of zero-point energies of quantum fields with mass 
m , 

Pvac^S^- d^k^/k^ + m2 = — / dkk^x/k^ + (xk'^ , (1.3) 
2 Jo 47r2 Jo 

which exhibits an ultraviolet divergence. Nevertheless, one expects that quantum field theory is valid up 



to a cut-off kmax , what makes the integral ( 1.3 ) converge. It is natural to take such cut-off for GR as the 



Planck scale mpi , what yields an vacuum energy density, 

p^ac - lO'^GeV^ . (1.4) 



That means 122 orders of magnitude larger than the observed value (1.3). Even if one takes the cut-off of 



scales for QCD, it is still very large compared with ( 1.3 ). There have been attempts to resolve this problem 



®For a review on the "old" cc problem, see Ref [3& 
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by many and different ways (supersymmetry, strings, anthropic principle...), but there is not yet a successful 
answer, probably because of the absence of a consistent quantum theory of gravity. However, a possibility 
explored along this thesis may be a classical adjustment of the value of vacuum energy density, produced 
by scalar fields or extra gravity terms in the action, what may provide a natural relaxing mechanism of the 



large value (1.4) (see Refs. |279| [26 ] 1. The second question is not a theoretical problem as the one above, 
but it could be important in the future when more observational data are obtained. It is the question on 
the dynamics of the EoS for dark energy. For the case of a cc, we have an static EoS p\ = — pA , while 
the EoS for dark energy may be dynamic and even inhomogeneous pA = w(t)p\ + /(i) , what can be well 
modeled in scalar-tensor theories or modified gravities. 

Another question that remained "unresolved" in the A CDM model, is the so-called coincidence prob- 
lem, which establishes the need to explain why precisely nowadays the matter and dark energy densities 
are more or less equal (of the same order). Note that the quotation marks on the word "unresolved" is 
just to emphasize the fact that this problem could not be a real physical problem, but just the product of 
a real coincidence! For example, along the Universe history there was a period when radiation and dust 
matter densities were completely equal (during the transition between both eras). Then, if we were living 
during that moment, would we think of this as of a coincidence problem? probably we would not, in spite 
of the fact that, at the present, we look to such period as a natural evolution of our Universe. However, 
if we insist on the validity of the open question, we have to point out that a cc does not give a natural 
explanation of such coincidence, where another kind of candidates could contribute with a more natural 
answer, as for example an oscillating Universe (this possibility is explored in Chapter 3). 

Finally, it is natural to relate, as it was mentioned above, the two accelerated epochs of the Universe 
evolution, on a unification of cosmic and inflationary eras under the same mechanism, what needs, apart 
from a vacuum energy density, another contribution from an scalar field, or extra terms in the gravitational 
field equations. This possibility is well explored and analyzed along the present report, as a real possibility 
that could resolve the problems commented above. 

Probably the question of the dark energy, what adds up to the cc problem, is one of the main unresolved 
task of nowadays physics. As it was commented above, this question has produced a lot of publications 
where a plenty of different models have been proposed. Along this work, it will be analyzed, among 
other models, scalar-tensor theories and mainly modified gravities, exploring the difference between them. 
However, other attempts to resolve the mysteries of dark energy, which will not be analyzed here, have 
been considered in the literature, as for example with vectors (see [^) or Yang- Mills fields (see Ref. |131l). 



1.2 Scalar-tensor theories 



Scalar-tensor theories have become the most popular ones, after A CDM, to model late-time acceleration. 
One of the main reasons is the simplicity to construct models using an scalar field, as it is well known that 
scalar-tensor theories can well reproduce any cosmology (see Ref. |139j V Also the success to reproduce 
inflation with an scalar field (the majority of models for inflation proposed during the eighties and nineties, 
contain an scalar field), makes from scalar fields a good candidates for dark energy. Another important 
reason, mentioned above, is that nowadays the observations do not exclude the possibility to have dark 
energy with a dynamical EoS, and not static as it occurs in A CDM. In the era of precision cosmology, 
the observations constraint the value of w to be close to — 1 , but tell us little about the time evolution 
of w . In scalar-tensor theories usually the EoS parameter is going to be time-dependent, and it can be 
easily fixed to be close to —1 at the current epoch. Apart from the cosmological considerations, scalar 
fields naturally arise in particle physics as well as in string theory, where they play important roles, as the 
Higgs boson, in spite of what a spin-0 particle has never been detected. 
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A wide range of models have been proposed using scalar fields. In this thesis, we will analyze models 
with an action of the type, 



S 



'9 



(1.5) 



where f{4>) determines the coupling between the scalar and metric field, w(0) is the kinetic term and 
V{(j)) the scalar potential. Depending on the values of (/, cj, V) , the nature of the scalar field will be very 
different. However, scalar fields are not just restricted to the action ( |1.5[ ), but there are other important 
theories that include other kind of scalar fields. Some of them are k-essence, which generalizes quintessence 
field and present a non canonical scalar field, the tachyon (a superluminal particle), or the Chaplygin gas, 
which also has been considered as a candidate to dark energy. Nevertheless, along the first part of the 
thesis, where scalar-tensor theories are analyzed, we will focus on scalar fields of the type quintessence 
and phantom, as well as we explore non-minimally coupling theories of the type of Brans-Dicke theory. 

Note that quintessence or phantom behaviors can well be reproduced not just by an scalar field but 
also by other possible fields or modifications of gravity, as it will be also explored in the Part II of the 
current thesis. 



Quintessence 

Of this models, a special mention is required for quintessence, which is probably the most known scalar 
field candidate for dark energy. First proposed by Caldwell et al in Ref. [71], it has been well studied 



during the past ten years. Quintessence can be described by the action (1.51 with /((^) = 1 , where the 
kinetic term uj{4>) > is canonical, and with a specific potential, whose choice will restrict the behavior 
of the scalar field, and then, the cosmological evolution. For a suitable choice of the scalar potential, 
late-time acceleration can be well reproduced. This kind of model will be studied in Part 1, where the 
possibility to reproduce not just dark energy, but also inflation through the same scalar field is explored. 
However, let us now study some qualitative properties of this kind of models. By writing the scalar field 
as a perfect fluid, its effective EoS yields, 

wa, = — ^ -. = -1 + -. . (1.6) 

here for simplicity we have taken ~ 1 , what just corresponds to a redefinition of the scalar field. On 
the other hand, the second derivative of the scale factor can be written as, 

-(x-(p + 3p), (1.7) 
a 

In order to have an accelerating expansion for a perfect fluid with p = wp , it is necessary to have an EoS 



parameter w < —1/3. Then, for the case of a quintessence field, looking at the EoS (1.7), we see that 
V{(j)) > 0^ has to be satisfied in order to have cosmic acceleration. Otherwise, if V{(j)) << 0^ , the EoS 
parameter gives 1 , which corresponds to a contracting Universe. In the case of slow-roll infiation, 

we have that the slow-roll limit imposes V{(t)) > (fy^ , which yields ~ — 1 , that is basically an effective 
cosmological constant. 

In part 1, it will be studied how this kind of fields could be used to reconstruct, not only dark energy 
or infiation separately, but both events unified under the same scalar field. This unification can well be 
achieved, as it will be shown, by choosing an appropriate kinetic and potential terms for the scalar field. 
Then, canonical scalar fields can be used to reproduce, at least in an effective way, the entire history of 
the Universe. 
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Phantom 



Phantom fluids, first named by Caldwell in Ref. .70, can be easily described by scalar fields. For the action 



(1.51, we can take a minimally coupled field, /(0) = 1 , where its kinetic term id{(t>) becomes negative. 



This kind of fields yields an EoS parameter, 

w^<-l . (1.8) 

The kind of fluids with such EoS parameter has several consequences both at the cosmological level and 
in microphysics. Among the strong energy condition, it violates also the weak one, while a cosmological 
constant or a quitessence field only violate the strong condition. The phantom field described by the action 



(1.51 owns a negative energy, what can lead to imaginary effective masses. From a microscopical point 
of view, it is well known that phantom fluids own serious problems, where its presence could introduce 
catastrophic quantum instabilities of the vacuum energy (see Refs. [701 [SS]). However, one could study such 
kind of fluids dealing with them in an effective description, just valid to some energy scale, or where they 
are just a consequence of extra geometrical terms in the action (as it will be explored). From a cosmological 
point of view, we have that a phantom fluid produces a super-acceleration of the expansion that ends in 
a singularity, called Big RipQ Let us consider a simple phantom model to show its consequences, by 
considering a constant EoS paremeter less than —1 . Then, a general solution for a flat FLRW metric 
yields, 

i/(Ooc^, P.oc^^ (1.9) 

where H = ^ is the Hubble parameter, and ts is the so-called Rip time, defined as the time when 
the future singularity occurs. Then, for t ^ ts , the Hubble parameter diverges producing a curvature 
singularity. Note that as the Universe evolves, the acceleration is increased and the phantom energy density 
becomes larger, such that sufficiently close to the Big Rip singularity, the strength of the phantom would 
be so large that breaks local systems as galaxies or solar systems, and even molecules and atoms. However, 
close to the singularity quantum effects should become important, and could affect the occurrence of the 
singularity, an aspect studied in the last chapters of the thesis, where semiclassical effects are taken into 
account. 

Nevertheless, one could ask why not to restrict our cosmological models to EoS parameters greater 
than —1 , such that phantom fiuids would be avoided, but observations have pointed to the real possibility 
that dark energy behaves as a phantom fluid, what makes them of enough importance to be studied. 



Non-minimally scalar-tensor theories 

In this kind of theories, the scalar field is strongly coupled to the metric field through the Ricci scalar in 



the action. Then, for the action (1.5) we would have /(</>) not a constant, but a function of the field . 
The first proposed model of non-minimally coupled scalar-tensor theory was constructed by Brans and 
Dicke in 1961 [35], which was the first real attempt of an alternative to General Relativity with the main 
objective to incorporate Mach's principle into the theory of gravity, which is not satisfied in GR as it was 
well known already at that time. The model proposed by Brans and Dicke was described by an action 



of the same type as (1.5), where /(</)) = 4> , w(^) = ^ and with a null potential V{4>) = . In spite of 
that is a theory that presents various problems, as corrections to the Newtonian potential or violation of 
the Birkhoff's theorem, it gave an alternative theory that provided a way to test GR in the experiments. 
Nowadays, these theories have recovered some interest due to their cosmological implications, where dark 



^Note that phantom models free of singularities can be reconstructed. This aspect will be explored along the thesis. 
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energy can be well reproduced. Also it can be a very useful instrument to analyze modified gravity theories 
as f{R) gravity due to the mathematical equivalence between them, as it will be studied in the thesis. 

However, theories with a non-mininially scalar field could violate equivalence principle, which is very 
well tested at least at small scales (Earth, solar system, galaxies...). It is well known that in the Jordan 



frame, on which the action (1.5) is defined, a test particle will follow a geodesic, while in the Einstein 
frame (related to the Jordan's one by a conformal transformation), the path of a test particle moving in a 
given spacetime will suffer of corrections on its geodesic due to the appearance of a "fifth force", produced 
by the scalar fielcj^ In Brans-Dicke theory, this violation in the Einstein frame can be written by the 
geodesic equation of a test particle, what yields a fifth force correction, 

-A + K.-^-^-~Pd^<^, (1.10) 



where /3 is a free parameter of the theory related to uj in (1.5). Then, assuming that Einstein's frame is 
physical, this fifth force can be checked by the experiments. In 2003, the Casini spacecraft restricted the 
value of the parameter to be /3 < 1.6 x 10~^ (see Ref . |30| ) . However, another solution to the problem of 
fifth forces and corrections to the Newtonian potential, is the so-called "chameleon mechanism", proposed 
in Ref. |183) . where the scalar field depends on the scale, such that it becomes important at large scales, 
where dark energy is needed, and it is neglible at local scales, satisfying the gravitational experiments. 
Here, the models will be analyzed where the coupling is given by /((/)) = 1 + g{(t>) , being g{(j)) a function 
that can be restricted at small scales by the chameleon mechanism, where GR is recovered in the action 



(1.5). It will be shown how this kind of theories can well reproduce late-time acceleration, as well as its 
relation with the results obtained in the Jordan and Einstein frame, and its possible physical implications. 
It will be also used as an auxiliary field to reconstruct modified theories of gravity able to reproduce cosmic 
acceleration. 



1.3 Modifying General Relativity: towards a complete theory of 
gravity 

Along the present thesis, the analysis on Extended Theories of Gravity (ETG) is one of main points to be 
studied. In this brief introduction, it will be argued the motivations for an extension of General Relativity 
to more complex and also general, laws of gravity. GR has been along the last one hundred years a very 
successful theory in order to explain the macroscopic world, on this sense GR gives a good description of 
nature at scales of the Earth or the Solar system, as the experiments have well proved. However, as it was 
commented above, GR presents some shortcomings when it is tested at large scales, these problems can 
be interpreted as unknown forms of matter/energy or as a failure of the theory. It has been well known 
since long time ago, that rotational curves of galaxies can not be fitted in GR unless dark matter or some 
modification is taken into account, as well as at cosmological scales it is necessary to incorporate a perfect 
fluid with negative pressure to explain late-time acceleration. Then, we have to decide if dark matter 
and/or dark energy could be a sufficiently satisfactory explanation or if our theory of gravity actually 
presents an scale of validity, and has to be modified beyond some limit. There is not a right answer to 
this serious dilemma yet, or at least a consensus over the scientific community to decide for one or another 
option. Nevertheless, there is an historical analogy to this current problem that could serve as an example 
of how to proceed: at the end of the nineteenth century, it was believed (with almost no doubt) that a 
fluid called aether existed, and everything was immersed on it, light or the planets were moving through 

*Note that the physical equivalence between the Jordan and the Einstein frame is not completely clear, and big discussions 
have been going on this topic with no successful answer yet. For a review on it see Ref. |146| and references therein. For 
recent results, see Ref. |80II85| . 
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it, and it served as the inertial frame to refer the movements of any test body. The end of this history 
is well known by everyone. In the same way, dark energy and specially dark matter, have been searched 
over the last years with no result, what has opened the real possibility to investigate theories beyond GR 
in order to explain such phenomensj^ It will be shown that generalizing Einstein's field equations, any 
cosmological solution can be reproduced, and then, late-time acceleration and even its unification with 
inflation can well be explained in the context of ETGs. 

However, as it was pointed in the above section and it will be shown in the first part at the present 
thesis, scalar fields can easily reproduce the cosmological evolution, and do not introduce so big changes 
as modified gravity does (except non-minimally scalar-tensor theories, which from a mathematical point 
of view are equivalents to some kind of modified gravities) . However, as it has been pointed, quintessence 
or phantom fields are exotic forms of matter/energy never observed directly, and with an unknown origin. 
On the other hand, modified gravities offer an alternative explanation, which seems to be more natural 
and could avoid the coincidence problem unifying infiation and late-time acceleration under the same 
mechanism. Also, it has been recently shown that some "viable" modified gravities could keep GR at 
small scales almost unchanged, avoiding the terrible problems of violation of local tests of gravity that 
usually affect to ETGs. However, one has to say that modified gravities have to be seen not as the ultimate 
theory of gravity that resolves all the theoretical and observational problems, but as an effective description 
of a probably more complex theory. 

Let us deeper analyze the statements and motivations to consider GR as a good description of nature at 
some scale, but which fails in some limits, where corrections are needed. The principles on which General 
Relativity is based, and which are well tested at least at macroscopic local scales, have to be satisfied by 
any extension of GR on those scales. General Relativity is based on three assumptionj^ 

• The Principle of Relativity. The laws of nature are the same for every observer, what means that 
there is not preferred system of reference. 

• The Principle of Equivalence, which establishes the equivalence between accelerated observers and 
those immersed in a gravitational field. In a sample form, it imposed the equivalence between the 
inertial and gravitational masses. 

• The Principle of General Covariance. It implies that every law's equation of nature has to be 
covariant, what means invariant under general transformation of coordinates. 

However, these assumptions tell us little about the form of the field equations. In order to restrict our 
theory of gravity, we can impose two additional conditions, that will constraint the field equations, 

• The energy has to be conserved, what implies that the action of the theory has to be invariant under 
general transformations of coordinates. 

• At the non-relativistic limit, Newtonian law has to be recovered, or basically, at some limit. Special 
Relativity has to be recovered. 

It is interesting to point that the first proposal for gravitational field equations by Einstein was in 1913, 
and it did not satisfy the above conditions. He proposed probably the most simple construction using the 

^Some modified gravities try to explain the origin of dark matter as a pure gravitational effect. Several attempts have 
been performed on this sense, as MONDs or even /(/?) gravity. At the present work, we are not focusing on this aspect, 
but on dark energy and infiation. 

^"For a complete analysis on General Relativity see for example the textbooks Refs. |299l 1303] 
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Ricci tensor with the following equations for gravity, 

-Rm- = K^Tf,, , (1.11) 

where i?^^ is the Ricci tensor, is the energy-momentum tensor and the coupling constant. It is 
easy to see that the field equations ( |1.11[ ) do not satisfy the energy conservation as the covariant derivative 
of the equation is not null, D^R^'^ ^ , for a general spacetime. After this first attempt, Einstein arrived 
to the well-known field equations for GR, 

Gf_ii, — R^y — -.g^jy-R = , (1-12) 



which now satisfies DnG^^ — 0. Also on the Newtonian limit of the theory, the field equations (1.12) 



reduce to the Newtonian law in a non-rclativistic limit. It is straightforward to show that for a weak and 



static limit, the field equation (1.12) yields to. 



Gp. - V^goo = -k'Too , (1.13) 
which coincides with the Newtonian law. Then, one can impose the above two conditions in order to 



construct a realistic theory of gravity. Instead of the field equations ( 1.12 ), GR can be expressed in a more 
elegant way through the action principle, 

S=-^[d^x^gR. (1.14) 



IGTrG _ 

This action, called the Hilbert-Einstein action, is invariant under general transformation of coordinates, 
what yields to conserved field equations. Then, one could propose an invariant action, more general than 



(1.14), but which could evolve more complex invariants as the terms R^ ,R^'^ R^^^R"^^^ RaXfiv, f{G)... 
However, these additional terms could imply corrections in the Newtonian law (see Ref. |287j ). although 
can be neglected. Then, the kind of theories studied here will be of the form, 

d^x^gJ{R,G) . (1.15) 



IQttG 



Here f{R^ G) is an arbitrary function of the Ricci scalar and the Gauss-Bonnet term, the arbitrariness 
conveys the ignorance of our knowledge on the right theory of gravity, but which can be constrained 
to satisfy the requirements of the observational data among the requirements written above, and could 
provide an explanation for the cosmic acceleration with no additional fields (see Ref. [74|)- The action 



(1.15) is invariant under general transformation of coordinates but yields corrections on the Newtonian 
law, which can be controlled by specific functions and parameters of the theory (see for example Ref. [86j). 
However, in this case the field equations are fourth order instead of second order in GR, what implies 
more complexity on the equations, a not well formulated Cauchy problem unless some conditions are 
imposed (see Ref. |78j ) or massive gravitons. However, these problems can be resolved by restricting the 



action(1.15) and the free parameters of the theory, what constraints the gravity law. 



From a quantum point of view, there is not a successful and consistent theory of quantum gravity yet, 
i.e., a renormalizable and unitary theory. However, much before higher order theories of gravity became of 
interest for low energy scales (late cosmology), they were of great interest in order to construct a quantum 
theory of gravity. It is well known that GR is a non-renormalizable theory, but when extra geometrical 
terms are added in the action, the theory turns to be renormalizable at one-loop, but it fails at two-loops. 
It has been shown that when quantum corrections are taken, the low effective action admits higher order 
terms (see Ref. [63j ) . Then, it is natural to think that gravity admits extra terms in the action coming from 
quantum corrections. However, recently a new proposal on quantum gravity, performed by Hofava |174| . 
claims to be power counting renormalizable, and where instead to new terms on the action, it imposes 
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non-covariant equations. This new theory has became very popular as it presents a new path on the way 
to find a consistent theory of quantum gravity. This theory will be discussed in the next section, but 
among serious problems that it has, it suffers of the same cosmological problems as GR does. 

Mathematically, ETGs provide very interesting properties to be analyzed. Among the theories of 
higher order which are intrinsically interesting to study, modified gravities introduces new ways to study 
gravitational physics. On this sense, in F{R) theories, one can proceed in two ways, called the metric 
and Palatini formalism respectively. The metric approach assumed that the connection depends 
and is defined in terms of the metric field , which is the only field of the theory. While in the 
Palatini's approach, one does not assume that the connection F^^^ is already defined but it is dealt with a 
dynamical field as the metric tensor. In GR, both approaches are equivalent, as in Palatini the connection 
naturally appears defined in terms of (7^,^ , but in higher order theories they are not equivalent, and one 
has to distinguish between both approaches. Along the present thesis, it will be analyzed only the metric 
approach. For a review on Palatini's F{R) gravities see Ref. |281j and references therein. 



As we will see, the action (1.15) can be chosen such that, among the problems commented, it can 
reproduce late-time acceleration and even inflation together, with no need of an extra exotic fluid. As 
the extra geometrical terms in the action can reproduce cosmic acceleration, what basically means that 
behaves as an effective perfect fluid with an EoS parameter w ~ — 1 at the current epoch, it could 
produce a relaxation on the value of the vacuum energy density, resolving the cc problem by a simple 
mechanical way (see Ref. [26^). Some gravity theories will be studied, where the action is given by the 



one of Hilbert-Einstein action (1.14) plus a function of the Ricci and/or Gauss-Bonnet scalars that would 



become important at large scales but reduces to GR for local scales. Note that for higher order gravities 



as (1.151, the presence of various de Sitter solutions in the equations can provide a way to unify inflation 
and late-time acceleration under purely gravitational terms, and even it could predict future phases of 
accelerated expansion, what avoids the coincidence problem. Also it is important to point that, in general, 
the extra terms in the gravitational action can be modeled as a perfect fluid, whose effective EoS parameter 
will not be a constant in general, and it could vary along the Universe evolution, even crossing the phantom 
barrier, providing a way to interpret EoS parameters less than -1. As has been pointed out, these theories 
are mathematically equivalent to non-minimally scalar-tensor theories, what can be very useful for the 
analysis and reconstruction of the action for modifled gravity. Also the relation between Einstein and 
Jordan frames provide a way to reconstruct modifled gravities from scalar fleld models, in spite of the 
fact that cosmological solutions will not coincide in both frames, what could give an explanation of the 
(non-)physical equivalence between them. Moreover, it is well known that phantom scalar flelds have not a 
representation in the Jordan frame as the scalar kinetic term is negative, what implies a complex conformal 
transformation that yields an action that becomes complex in the Jordan frame |60j . This problem will 
be analyzed, and this kind of theories will be studied with the presence of fluids with different EoS. 

Hence, it will be here shown that theories of gravity can explain the cosmological shortcomings, and 
at the same time, remain unchanged the principles of GR at local scales, where the gravitational test 
on GR are well known. Also, the reconstruction of any kind of cosmological solution will be analyzed, 
including A CDM model, which gives interesting properties in modified gravity, this kind of theories with 
the presence of fluids with different EoS, and its cosmological evolution, will be studied. 



Hofava-Lifshitz gravity 

In this introduction a special mention is due to the so-called Hofava-Lifshitz (HL) gravity for it is a new 
theory that has risen to a lot of interest in the scientific community. This new theory, proposed just two 
years ago by Hofava Ref. [174| claims to be power counting renormalizable by losing the covariance of the 
theory. It is well known that GR is not renormalizable, the main problem in perturbative renormalization 
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comes from the fact that the gravitational coupling G is dimensionful, with a negative dimension [G] = — 2 
in mass units, what gives uncontrolled UV divergences. This can be cured by introducing higher terms of 
the scalar curvature in the action, but at the same time it provides an additional problem on the uniqueness. 
The main success of HL theory is that avoids these problems, and gives a power counting renormalizable 
theory by introducing an anisotropic scaling property between space and time characterized by a dynamical 
critical exponent z. This kind of anisotropy is common in condensed matter physics, introduced firstly by 
Lifshitz |200j to study some kind of phase transitions, it is imposed a different degree between the spatial 
and time components. In HL gravity, this scaling property can be written as, 

x' = bx\ t = bH. (1.16) 

The theory becomes power counting renormalizable in 3+1 spacetime dimension when the critical ex- 
ponent is z = 3 , while GR is recovered when z — 1 . This scaling property makes the theory to not 
be invariant under diffeomorphism but under some restricted transformations called foliation-preserving 
diffeomorphisms, 

5x' = ax\t), dt = f{t). (1.17) 

Then, the theory breaks Lorentz invariance, what would have very serious consequences as different ob- 
servers would measure different values of the speed of light c . However, it is assumed that the full 
diffeomorphism is recovered in some limit, where the critical exponent flows to z = 1 and the symmetries 
of GR are recovered, although the mechanism for this transition is not clear yet. 

Respect the action of the theory, let us write the scalar Ricci in the ADM decomposition |14) . 

R = KijK'^ ~K^ + R^^^ + 2V^{n^'V^n'' ~ n^V ^n'') , (1.18) 

here K — g^^ Kij , Kij is the extrinsic curvature, i?'-'^' is the spatial scalar curvature, and a unit vector 
perpendicular to a hypersurface of constant time. The action proposed in |174j accounts the anisotropic 



scaling properties (1.16) by introducing additional parameters A) in the theory, 

5=-^^ [ dtd^xy^NR, R^K,jK'^-XK'^ + R^^^+2nV^{n^'V^n''-n''V^n'')~L^^\glf). (1.19) 
Note that the term in front of /x can be dropped o ut as it turns out to be a total derivative, although 



it becomes important for extensions of the action (1.191. Then, the term i'-'^-' (f!^'' ) chosen to be 
the variation of an action in order to satisfy an additional symmetry, the detailed balanced, introduced 
by Hofava in Ref. |174j . However, from a cosmological point of view, HL theory suffers from the same 
problems as GR, additional components are needed to explain late-time acceleration or inflation. Then, 
following the same procedure as in GR, the HL action can be extended to more general actions |100j . 

S = ^ [ dtd^xy^NF(R) . (1.20) 
2k^ J 

It will be shown that this kind of action can well reproduce the cosmological history and avoid corrections 
to the Newtonian lawj^ Even how the matter/radiation epochs of the cosmic evolution yields to an 



accelerated epoch modeled by the kind of theories described by (1.19) 



Nevertheless, the theory proposed by Hofava, or its extension, described by the action (1.20) contain 



several problems that makes the theory to not be a good consideration. The lose of symmetries due 



to the anisotropic scaling (1.16) introduces an additional spin-0 mode that can rise some problems. In 



^^Here we do not discuss the gravity sector corresponding to the Hofava gravity but we show that the scalar mode, which 
also appears in the usual F{R) gravity, can decouple from gravity and matter, and then the scalar mode does not give a 
measurable correction to Newton's law. 
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order to satisfy the observations, such scalar mode has to decouple in the IR limit, where GR has to be 
recovered. However, this is not the case here, where the scalar mode introduces strong instabilities around 
flat spacetime. One possible solution for this trouble is to consider an stable de Sitter spacetime as the 
natural vacuum solution of the theory, what can be achieved by some specific actions F{R) . Another 
solution, proposed in Ref. |175j . is to include an additional local C/(l) symmetry, what could force to the 
additional parameters (A,/i) to be equal to 1, neglecting the spin-0 mode in the IR limit. The extension 
of this kind of HL gravity will be studied here. 

Hence, the new proposal as candidate for quantum field theory of gravity seems to be a good promise, 
in spite of the serious problems that owns itself. Here, their applications to cosmology will be explored, 
and the possible solutions to the intrinsic problems of the theory as well as the possibility to reproduce 
inflation and late-time acceleration under the theory with no additional components. 



1.4 Future singularities in FLRW universes 

A wide range of solutions in GR or ETGs contain singularities. Some examples can be found in spherical 
symmetric solutions in vacuum as Schwarzschild or Kerr metrics, which contain a curvature singularity at 
the origin of the radial coordinate, or the FLRW metric, where in general contains an initial singularity, 
the so-called Big Bang. The singularities can be viewed as the limits of our law of gravity, where a 
consistent theory of quantum gravity or a theory of "everything" as String theory is needed. However, the 
singularities can be treated in a semiclassical approach introducing some corrections coming from quantum 
field theory in the field equations, to see if some corrections could cure the singularity. The last part of the 
present thesis is devoted to this subject, (future) singularities of FLRW metrics will be analyzed when some 
effects are taken into account as the effective cosmological Casimir effect or the conformal anomaly. Also, 
the validity of holographic principle will be studied, where a bound on the Universe entropy is imposed, 
whose validity around future singularities is studied and interesting results are obtained. In parallel, it is 
explored the possibility of a generalization of Cardy-Verlinde (CV) formula Ref |297| . CV formula suggests 
a more fundamental origin for the Friedman equation, which coincides with a two-dimensional conformal 
field theory for a closed FLRW metric with some particular requirement when a bound on the entropy 
proposed by Verlinde Ref |297j is reached. 

Let us define the list of possible singularities contained in FLRW universes. It has been pointed 
out that, apart Big Bang initial singularity, some kind of perfect fluids, specially phantom fluids, could 
drive the Universe to future singularities of different type. In Ref. |246j . following classification for future 
singularities was obtained 

• Type I ("Big Rip"): For i — > , a — > oo and p — > oo , |p| -> oo . 

• Type II ("Sudden"): For t ^ , a ^ and p ^ Ps , |p| ^ oo . (see Refs.p^l [255]) 

• Type HI: For t ^ tg , a — > and p ^ oo , |p| — > oo . 

• Type IV: For t ^ ts , a ^ as and p ^ ps , p Ps but higher derivatives of Hubble parameter 
diverge. 

Here p and p are referred to the energy and pressure densities of the fluid responsible for the occurrence 
of the future singularity. The most usual future singularity in FLRW metrics is the first type of the above 

^^Note that we have omitted here other kind of future singularities as the so-called "Big Crunch" as we are interested to 
study the future state of an accelerating Universe and not a contracting one. 
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list, the so-called Big Rip singularity, which is usually produced by a phantom fluid whose EoS parameter 
w < ~1 , and whose origin may be an scalar field or pure geometrical additional terms in the action. 
As the singularities are regions or points of a spacetime, where the classical theory fails, it is natural 
to introduce some quantum corrections in the field equations. Here, the consequences of considering an 
effective Casimir effect will be analyzed (dealing the Universe as an spherical shell) near the singularity, 
on one side, and we will account for the effects of the effective action produced by conformal anomaly, on 
the other side. It will be shown that for a general case, those effects incorporated in the theory do not 
cure the singularity, such that additional semiclassical terms should be taken into account. Also, it will be 
shown that "universal" bounds of the entropy are violated near and even far away from the singularity, 
losing its universal nature. 

On the other hand, the construction of ETGs free of future singularities is also studied. It is well known 
that the majority of higher order gravities hide solutions for a FLRW Universe that contain some class of 
the above future singularities. It was found that an action with F(R) = R? is free of singularities and 
even any standard modified gravity where a term proportional to R^ is added, can cure the singularity 
(see Refs. [Tl 1239) ). This analysis is extended to the Hofava-Lifshitz gravity, where the terms that can 
avoid the occurrence of the future singularity are found, too. 



1.5 Organization of the thesis 

The thesis is composed of three main blocks, each of them dedicated to cosmological models and aspects 
of FLRW metrics. As it has been pointed out in this brief introduction, the main purpose of the present 
thesis is the reconstruction of cosmic evolution by several different ways, but where modified gravities 
have an special interest. In parallel to this main objective, other related topics are studied, which have 
something to do with FLRW Universes. On those instances where explicitly specified, we will deal with 
spatially flat FLRW metrics. 

In the first block, scalar-tensor theories are analyzed; there quintessence/phantom scalar fields as well 
as Brans-Dicke-like theories are studied. Unification of inflation and late-time acceleration can be easily 
achieved on this context, even the problem on the transition to a phantom epoch (big instability) can be 
resolved by not allowing a transition of the scalar field, in this way the observational current data can be 
better fitted using more than one scalar field. It is also explored in the context of non-minimally scalar- 
tensor theories the possibility to reproduce the Universe evolution and the related solutions in Jordan 
and Einstein frames, where it is shown that both solutions are in general very different, and for example 
the occurrence of a singularity in one frame can be avoided in the other, what could be a signal of the 
non-physical equivalence between both frames. In this first block, it is also explored the possibility of an 
oscillating Universe, where the accelerated phases of the Universe would be repeated until a perturbation 
or a future singularity ends with this periodic behavior of the Universe. It is shown that such oscillations 
can be reproduced easily by an scalar field. This could resolve the so-called coincidence problem, where 
the period of the oscillations can be fixed with the age of the Universe. Also, the possibility to have an 
interacting dark energy is studied, which exchanges energy with dust matter. And how the interacting 
term could yield an accelerated expansion. 

The second block is dedicated to the analysis of Extended Theories of Gravity, specially extensions of 
General Relativity where more general functions of the Ricci and/or Gauss-Bonnet scalars are involved 
in the action. It is shown through out the equivalence of f{R) gravities and non-minimally scalar-tensor 
theories that this kind of modified gravity admits almost any class of solutions for a flat FLRW Universe. It 
is also shown that f{R) gravity can be dealt with as an effective perfect fluid with a dynamical EoS. Some 
phantom cosmological models free of future singularities are constructed on this frame. It is shown that 
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unification of inflation and latc-timc acceleration can easily be achieved in these theories, what provides 
a natural explanation for accelerating expansion phases of the Universe. A reconstruction method for 
cosmological solutions is also implemented, where no auxiliary field are used. In this case, A CDM model 
is constructed in modified gravities with no cosmological constant presence in the action, and the solution 
is a series of powers of the Ricci scalar. In the context of viable modified gravities, the ones that have a 
good behavior at local scales, the cosmological evolutions in comparison with those of the A CDM model 
arc analyzed, as well as in the case when an additional phantom fluid is taken into account, the scalar- 
tensor representation for this class of theories is obtained and analyzed. Finally, as in f{R) theories, 
models are studied where the modification of GR comes from functions of the Gauss-Bonnet invariant G , 
where it is shown that the use of a combination of Ricci/Gauss-Bonnet terms provide a theory of gravity. 

The recent proposal of quantum gravity, Hofava-Lifshitz gravity, is explored in the third block. This 
theory is power-counting renormalizable at the price of breaking Lorentz invariance. Apart from some 
intrinsic problems of the theory, as its transition to recover the full diffeomorphisms, HL gravity suffers 
problems of the same kind as GR when FLRW metrics are considered. On this sense, an exotic fluid or 
a cc is needed to explain cosmic acceleration. Extensions of the action proposed by Hofava are studied, 
where the Newtonian limit is studied. It is also found the condition to have a theory free of future 
singularities. The stability of the cosmic solutions is explored, where some general conditions on the 
action for HL gravity are obtained. Several examples are analyzed to illustrate it. By following these 
stability conditions, one can reconstruct the entire Universe history. Finally, one of the intrinsic problems 
of the theory is analyzed, the scalar mode associated to the lose of full diffeomorphism that affects the 
vacuum solution of the theory. The solution to this problem can come from adding an additional U(l) 
symmetry or from fixing the vacuum solution as de Sitter. Both possibilities are explored. 

Finally, in the last part of the thesis, other aspects of FLRW metrics are studied. Generalizations of 
the Cardy-Verlinde formula, where different types of fluids are involved, are explored. It is shown that 
only for special cases, the original CV formula is recovered. Also dynamical entropy bounds are analyzed 
close to future singularities, where some semiclassical effects are taken into account. The inclusion of an 
effective Casimir effect is studied close to the singularity and even along the Universe evolution, its effects 
are studied. 

The thesis ends with the general conclusions corresponding to the results obtained in the present work. 



CHAPTER 1. INTRODUCTION 



Part I 

Dark energy and inflation from 
scalar-tensor theories and 
inhomogeneous fluids 
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Chapter 2 



Reconstructing inflation and cosmic 
acceleration with phantom and 
canonical scalar flelds 



he increasing amount and precision of observational data demand that theoretical cosmological models 
be as realistic as possible in their description of the evolution of our universe. The discovery of late-time 
cosmic acceleration brought into this playground a good number of dark energy models which aim at 
describing the observed accelerated expansion, which seems to have started quite recently on the redshift 
scale. Keeping in mind the possibility, which is well compatible with the observational data, that the 
effective equation of state parameter w be less than —1 , phantom cosmological models pi 1^ I51 IT51 [T31 

[^iigniis^iBTiiT^ fTg^inisiimfTTiiTraimfnTii™ 

mBW^W^^^^^mmmM '2&». 292, 294, 2981 EMI EMlEiniEII] share a 
place in the list of theories capable to explain dark energy. Ideal fluid and scalar field quintessence/phantom 
models still remain among the easiest and most popular constructions. Nevertheless, when working with 
these models, one should bear in mind that such theories are at best effective descriptions of the early/late 
universe, owing to a number of well-known problems. 

Even in such a situation, scalar field models still remain quite popular candidates for dark energy. An 
additional problem with these theories-which traditionally has not been discussed sufficiently-is that a 
good mathematical theory must not be limited to the description of a single side of the cosmic evolution: 
it should rather provide a unified description of the whole expansion history of the universe, from the 
inflationary epoch to the onset of cosmic acceleration, and beyond. Note that a similar drawback is also 
typical of inflationary models, most of which have problems with ending inflation and also fail to describe 
realistically the late-time universe. 

The purpose of this chapter is to show that, given a certain scale factor (or Hubble parameter) for the 
universe expansion history, one can in fact reconstruct it from a specific scalar field theory. Using multiple 
scalars, the reconstruction becomes easier due to the extra freedom brought by the arbitrariness in the 
scalar field potentials and kinetic factors. However, there are subtleties in these cases that can be used 
advantageously, and this makes the study of those models even more interesting. 



^This Chapter is based on the publications: |136l 126'il 
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Specifically, in this chapter we overview the reconstruction technique for scalar theories with one, 
two, and an arbitrary number n of fields, as well as we consider a generalization of a type of Brans-Dicke 
theory, where the scalar field appears non-minimally coupled to the gravitational field, what could produce 
violations of gravitational tests at local scales. In order to satisfy the observational constraints the so- 
called chameleon mechanism is studied (see Ref. |183j ). Many explicit examples are presented in which 
a unified, continuous description of the inflationary era and of the late-time cosmic acceleration epoch is 
obtained in a rather simple and natural way. 



2.1 Unified infiation and late time acceleration in scalar theory 

Let us consider a universe filled with matter with equation of state Pm = WmPm (here Wm is a constant) 
and a scalar field which only depends on time. We will show that it is possible to obtain both inflation 
and accelerated expansion at late times by using a single scalar field 4> (see also [HI] and [231] ). In this 
case, the action is 

1 „ 1 



S = dx 



-9 



^R--Lu{(l,)d^(t>d^^-V{^) + L„ 



(2.1) 



where = SttG , V{(f)) being the scalar potential and oj{if)) the kinetic function, respectively, while 
is the matter Lagrangian density. Note that for convenience the kinetic factor is introduced. At the final 
step of calculations, scalar field maybe always redefined so that kinetic factor is absorbed in its definition. 
As we work in a spatially flat Friedmann-Robertson- Walker (FLRW) spacetime, the metric is given by 



ds'^ = -dt'^ + a^{t) ^ dxj 



The corresponding FLRW equations are written as 

,^2 



H' 



(Pm + P4,) 



H 



with and given by 



Combining Eqs. (2.3 1 and (2.4 1, one obtains 



^(0) r 



2 • 

— H - {pm +Pm) 



{Pm + Pm + P4> + 'l 



V(4>) = ^ (SH^ + h) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 
(2.6) 



As the matter is not coupled to the scalar fleld, by using energy conservation one has 

p„i + iH{p,n + Pm) = , P0 + 3i7(p0 + p^) = . 

From the flrst equation, we get Pm — Pmoo"'^''^^"''"'' • We now consider the theory in which V^(0) and 
oj{(l)) are 

^ ^ ' \2 



^r{4>) - (wm + l)Foe-3(i+»'")^W) , y (0) ^ J_ hf{^f + /'(^) 



2 



-Foe-3(i+-'")^(« , 
(2-7) 

where f{4>) = F' {cj)) , _F is an arbitrary (but twice differentiable) function of (j) -i ^-^d Fq is an integration 
constant. Then, the following solution is found (see [75l [82l [23T1 1247j ): 



t , H{t) = fit) , 



(2., 
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which leads to 

aW = aoe^W, a„ = (^^) . (2.9) 

We can study this system by analyzing the effective EoS parameter which, using the FLRW equations, is 
defined as 

w,s=- = -l-^, (2.10) 

where 

P = Pm+P4>, P=Pra+P4>- (2-11) 

Using the formulation above, one can present explicit examples of reconstruction as follows. 



Example 1 



As a first example, we consider the following model: 



1 



1 



Using the solution (2.9), the Hubble parameter and the scale factor are given by 

1 



H 



1 



f2 _ f2 



a(t) = ao 



t + tg 

to-t 



rr^ arctan 



(2.12) 



(2.13) 



As one can see, the scale factor vanishes at t — —tg , so we can fix that point as corresponding to the 
creation of the universe. On the other hand, the kinetic function and the scalar potential are given by 



Eqs. (2.7), hence 



w(0) = - 



F(0) 



8 hlitl+tl) (0^^%^)^ 



(u;„ + l)Foe-3(-'"+i)^(« 
tl + 4 



K2(t2 + ^2)2(^2,^2)2 

where Fq is an integration constant and 



-Fo e 



-3{w^ + l)F 



^In 
2<n 



to - (j) 



arctan — 
U 



Then, using Eq. (2.10), the effective EoS parameter is written as 

8 t{t~t+){t + t_) 



-1 



{t\+tl) 



2\2 



(^^,14) 



(2.15) 



(2.16) 



where t± = ±\J °^ . There are two phantom phases that occur when t_ < t < and t > t+ , 
and another two non-phantom phases for —t^ < t < and < i < t+ , during which Wcs > — 1 
(matter/radiation-dominated epochs). The first phantom phase can be interpreted as an infiationary 
epoch, and the second one as corresponding to the current accelerated expansion, which will end in a Big 
Rip singularity when t = to . Note that superacceleration {i.e., H > 0) is due to the negative sign of 
the kinetic function uj{(j)) , as for "ordinary" phantom fields (to which one could reduce by redefining the 
scalar (p ) . 
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Example 2 



As a second example, we consider the choice 



Ho 



Hi 



(2.17) 



We take Hq and Hi to be constants and tg as the Rip time, as specified below. Using (2.7), we find 
that the kinetic function and the scalar potential are 



^(0) = - 



1 



Ho 

{ts - 4>r 

HojSHo + l) 

{ts - <1>Y 



2Hi 

^2 



- {W.m + l)Fo {ts 



N3(l+«.„)ffo 



exp 



5{l+Wra)Hi 



Hi [Hi 

03 



1 



^^0 {ts - 0) 



respectively. Then, through the solution (2.9), wc obtain the Hubble parameter and the scale factor 

Ho 



H{t) = 



t, - t 



Hi 

t2 



a{t)^ao {ts-t)-"°e-^ 



(2.19) 



Since a{t) — > 0+ for i — > , wc can fix t = as the beginning of the universe. On the other hand, at 
t = ts the universe reaches a Big Rip singularity, thus we keep t < tg . In order to study the different 
stages that our model will pass through, we calculate the acceleration parameter and the first derivative 
of the Hubble parameter. They are 



H 



Hn 



{ts - ty 



2Hi 



^ H-" + H ^ 



^^-^(iJo + l) + ^ 



Hi 

t2 



2Hi 



2Ho_ 

ts-t 



(2.20) 



As we can observe, for t close to zero, a/a > , so that the universe is accelerated during some time. 
Although this is not a phantom epoch, since H < , such stage can be interpreted as corresponding to the 
beginning of inflation. For t > 1/2 but i <C is , the universe is in a decelerated epoch (a/a < ). Finally, 
for t close to ts , it turns out that H > , and then the universe is superaccelerated, such acceleration 
being of phantom nature and ending in a Big Rip singularity at t = ts . 



Example 3 



Our third example also exhibits unified inflation and late time acceleration, but in this case we avoid 
phantom phases and, therefore, Big Rip singularities. We consider the following model: 

Hi 



f{^) = Ho 



(2.21) 



where Ho and Hi > are constants and n is a positive integer (also constant). The case n — 1 yields an 
initially decelerated universe and a late time acceleration phase. We concentrate on cases corresponding to 
n > 1 which gives, in general, three epochs: one of early acceleration (interpreted as inflation), a second 
decelerated phase and, finally, accelerated expansion at late times. In this model, the scalar potential and 



the kinetic parameter are given, upon use of Eqs. (2.7) and (2.21), by 



y(0) 



2 nHi -3{w„ 



'1) Ho 



k2 



{Hor'^+Hif nHi 



— -TO e 



(2.22) 



(2.23) 
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Then, the Hubble parameter given by the solution (2.91 can be written as 

Hi 



Hit) = i?o + — ^ , a{t) = ao exp 



(2.24) 



(n- l)i"-i_ 

We can fix t = as the beginning of the universe because at this point a ^> , so t > {) . The effective 



EoS parameter (2.10) is 



Wnff = -1 



(2.25) 



{Hot^ + HiY 

Thus, when i — then Wcs — > — 1 and we have an acceleration epoch, while for t oo , Wctt — > — 1 
which can be interpreted as late time acceleration. To find the phases of acceleration and deceleration for 
t > , we study d/a , given by: 

2 



- ^ H + H' 
a 



nHi 



Hn 



Hi 



(2.26) 



For sufficiently large values of n we can find two positive zeros of this function, which means two corre- 
sponding phase transitions. They happen, approximately, at 

2/n 



t± 



l±^ l- 



iHn 



2Ho 



(2.27) 



so that, for < t < t_ , the universe is in an accelerated phase interpreted as an inflationary epoch; for 
t_ < t < t+ it is in a decelerated phase (matter/radiation dominated); and, finally, for t > t+ one obtains 
late time acceleration, which is in agreement with the current cosmic expansion. 



Example 4 

As our last example, we consider another model unifying early universe inflation and the accelerating 
expansion of the present universe. We may choose f{(f>) as 

/(*) = ■ 



which gives the Hubble parameter 

Hj -r nic tz 
1 + ce2 

Here Hi, Hi , c, and a are positive constants. In the early universe (t — >■ — oo), we find that H 
becomes a constant H ^ Hi and at late times ( i — >■ +00 ), H becomes a constant again H ^ Hi . 
Then Hi could be regarded as the effective cosmological constant driving inflation, while Hi could be a 
small effective constant generating the late acceleration. Then, we should assume Hi ^ Hi . Hence, if we 
consider the model with action 



2atp 



^ 2a {H,-Hi)ce 
k2 ^2(i_^ce2"'^)^ 



VU) ^ 3/(0)2 + /'(</>) ^ 3Hf + {QH^Hi - 2a [H, - Hi)} cc^"-^ + c^gfe^^^ 

k2 ^2(l + ce2a0)2 
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we can realize the Hubble rate given by (2.29) with cj) = t . If we redefine the scalar field as 

e""^ l2{a~h)c 



a 



the action S in (2.30) can be rewritten in the canonical form 
equation where 



3Hf 



2{Hi-Hi 



+ 2(H,-Hi) 



(2.31) 



(2.32) 



(2.33) 



One should note that (j) — > —oo corresponds to and V ~ 3Hf /k , while +oo corresponds 



to iy9 — oo and V ^ iHf / , as expected. At early times ( (yS — ), V{(p) behaves as 



1 - 



K^a {3H, + a) 
3Hf 



(2.34) 



At early times, </> < and therefore, from Eq. (2.31), we find {Hi — Hi) c <C 1 , from which it 

follows that 

1 V'{ip) Aa^K^iSH.+af , Sa{iH, + af [H, - Hi) c 

-if < 



y((p)2 



1 



V"{^) 



27Hf 
2 {3Hi +a)a 



27m 



3k2 y(^) %Hf 
Then, if a Hi , the slow-roll conditions can be satisfied. 

We may include matter with constant EoS parameter Wm ■ Then U!{4>) and V{4>) are modified as 



(2.35) 



F(0) ^ 
5(0) ^ 



= /'(0) UJ„, + 1 ^ „-3(l+u;„) 



50 e 



3/(0)^ + r(0) , w„,,-i _3(i+^„),(0) 

9 n 



d^Jic^) = Hi^ + ^^^-^ In (c + e-2"^ 



The matter energy density is then given by 

In the early universe i — > — cx) , behaves as 

On the other hand, the energy density of the scalar field behaves as 



(2.36) 

(2.37) 
(2.38) 

(2.39) 
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Then, if 2a < Hi (and w,„ > — 1 ), the matter contribution could be neglected in comparison with the 
scalar field contribution. 

Now let the present time be t — Iq . Then, we find that 

2 



3(H,+ Hice'^^^of 



and fid, = 1 — ■ If we assume ato 3> 1 , we find 



(2.40) 



2 

O ^ 90 -3(l+Wr^)(Hi-H,)/2a -3(l+Wr^)Hito (2 41) 

™ 3Hf ■ ^ ' ' 

Hence, we may choose the parameters so that rim ~ 0.27 , which could be consistent with the observed 
data. This model provides a quite realistic picture of the unification of the inflation with the present 
cosmic speed-up. 



2.2 Accelerated expansion in the non- minimally curvature- 
coupled scalar theory 



In the preceding section we have considered an action, (2.1 ), in which the scalar field is minimally coupled 



to gravity. In the present section, the scalar field couples to gravity through the Ricci scalar (see [142, for 
a review on cosmological applications). We begin from the action 



(i + /(0))4-;^c.((/))a^0a^0-y(0) 



(2.42) 



where /(0) is an arbitrary function of the scalar field (f) . Then, the effective gravitational coupling 
depends on (/) , as Heff = + /(0)]^^^^ • One can work in the Einstein frame, by performing the scale 
transformation 

5m- = [1 + /(0)]"'5m. . (2.43) 



The tilde over g denotes an Einstein frame quantity. Thus, the action (2.42) in such a frame assumes the 
form [HT] 



R 



+ 



_2(l + /(0)) K^l + fm 
The kinetic function can be written as W{(f>) — -^^^^ 



d{l + f{cl>)'/'] 
dcj) 



Vi<t>) 



(2.44) 



+ 



3 f dfw y 

l + fW k2(1 + /(0))2 y dc/, J ^ 

scalar potential can be absorbed by defining the new potential C/(0) — — YMl 



and the extra term in the 



action (|2.1|) in the Einstein frame, namely 

dx^ 



1 , i/j.M^ , so that we recover the 



g[^~lw{^)d^^d'^<t>-U{^) 



(2.45) 
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We assume that the metric is FLRW and spatially flat in this frame 

i 

then, the equations of motion in this frame are given by 

,^2 



H' = 



H = 
dP 



6 

3H 



iP<t>+P4>) > 



W\cl>) 



dt 



-2C/'(0) 







di 2W{4>) 

where = lW{(f))(j>'^ + U{(j)) , \W{(t))^'^ - U{(t>) , and the Hubble parameter is iJ = 

W{4>)^^ = -AH , U{(j)) = 6H^ + 2H. 



(2.46) 

(2.47) 
(2.48) 

(2.49) 

Then, 
(2.50) 



Note that _ff > is equivalent to W < ; superacceleration is due to the "wrong" (negative) sign of the 
kinetic energy, which is the distinctive feature of a phantom field. The scalar field could be redefined to 
eliminate the factor W{<j)) , but this would not correct the sign of the kinetic energy. 



If we choose T^(0) and [/(0) as w(0) and V{4>) in 

2 ^ r 

.2 



W^(0) = -^g'(0) , U{cf>) 
by using a function g{(f>) instead of f{(p) in (2.7), we find a solution as in (2.8), 

= H{t)=g{t). 



In (2.51) and hereafter in this section, we have dropped the matter contribution for simplicity. 



We consider the de Sitter solution in this frame, 

H = Hq = const. 



Hot 



a{t) = aoe"" 



(2.51) 
(2.52) 

(2.53) 



We will see below that accelerated expansion can be obtained in the original frame corresponding to the 
Einstein frame ( 2.46[ ) with the solution (2.53), by choosing an appropriate function /(^) . From (2.53) 
and the definition of W{(f>) and U{(j)) , we have 

V n 2 „ 



W{(l)) = ^ uj{(j)) 



[1 + /(0)] «2 



dm 

d(j) 



f/(0) ^^H, 



!/(</-) = 4, i/^[l + /(0)]^ (2.54) 



Thus, the scalar field has a non-canonical kinetic term in the original frame, while in the Einstein frame 
the latter can be positive, depending on W{(l)) . The correspondence between conformal frames can be 
made explicit through the conformal transformation (2.43). Assuming a spatially flat FLRW metric in the 
original frame, 



^ _^^2 +a'^(^t)^dx. 



2 



(2.55) 



then, the relation between the time coordinate and the scale parameter in these frames is given by 

t = f ^L—- , a{t) ^[1 + f{t)]-^/^ait) . 

J ([l + /(t)]l/2 ' ^ ■'^'^ ' 

Now let us discuss the late-time acceleration in the model under discussion. 



(2.56) 
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Example 1 



As a first example, we consider the coupling function between the scalar field and the Ricci scalar 



a<j) 



(2.57) 



where a is a constant. Then, from (2.54), the kinetic function uj{(I>) and the potential V{(l>) are 



V(0) 



respectively. The solution for the current example is found to be 



3a 



2/3 



1/3 



exp 



2/3' 



(2.58) 



(2.59) 



We now calculate the acceleration parameter to study the behavior of the scalar parameter in the original 
frame, 



2 1 

9i2 



3a 



1/3 



1 



Ho 



3a 



1/3 



1 



(2.60) 



We observe that for small values of t the acceleration is negative; after that we get accelerated expansion 
for large t ; finally, the universe ends with zero acceleration as t ^ oo . Thus, late time accelerated 
expansion is reproduced by the action (2.42 1 with the function /(0) given by Eq. (2.57). 



Example 2 



As a second example, consider the function 



/(0) = 4-to 



From (2.56), the kinetic term and the scalar potential are, in this case, 



3 1 



The solution in the original (Jordan) frame reads 



2ao 



4>{t) = — + to - 1 , a{t) ^ — — exp 



t2 



and the corresponding acceleration is 



a _ 1 



1 +1 



(2.61) 



(2.62) 



(2.63) 



(2.64) 



Notice that this solution describes acceleration at every time t and, for t oo , the acceleration tends 
to a constant value, as in de Sitter spacetime, hence similar to what happens in the Einstein frame. Thus, 
we have proved here that it is possible to reproduce accelerated expansion in both frames, by choosing a 
convenient function for the coupling /((/)) . 
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2.2.1 Chameleon mechanism 



The kind of theories described by the above action (2.421 have problems when matter is included and 



one perform a conformal transformation and the Einstein frame is recovered, then the local gravity tests 
may be violated by a faith force that appeared on a test particle and the violation of the Equivalence 
Principle is presented. This kind of problems are well constrained by the experiments to a certain value 
of the coupling parameter as it is pointed below. Recently, a very interesting idea originally proposed in 
Ref. [183J avoids the constrains from local gravity tests in such a way that the effects of the scalar field 
are neglible at small scales but it acquires an important role for large scales, whose effects may produce 
the current acceleration of the Universe 



Let us start by rewriting the action in the Einstein frame (2.441 in a similar form as the original Brans- 
Dicke action by redefining the scalar field (j) and rewriting the kinetic term in terms of the coupling 

(1 + /((/))) , then the action is given by: 



Se = 



R 
2^ 



1 



where: 



-2/3(7 



(2.65) 



(2.66) 



here /? is a constant. As it is seen in the action (2.65), the matter density lagrangian couples to the scalar 



field a , such that a massive test particle will be under a fifth force, and the equation of motion will be: 



-|3^^'a , (2.67) 

where x'^ represents the four- vector describing the path of a test particle movin g in the metric g^niy) , 
and T'^^ are the Christoffel symbols for the metric g^" 
be seen as a potential from a force given by: 



From the equation (2.67), the scalar field a can 



(2.68) 



where M is the mass of a test particle. Then, this kind of theories reproduces a fifth force which it 
has been tested by the experiments to a limit (3 < 1.6 x 10^"^ (Ref. IMI)- The aim of the chameleon 
mechanism is that it makes the fifth force neglible for small scales passing the local tests. Such mechanism 



works in the following way, by varying the action (2.65) with respect the scalar field a , the equation of 
motion for the scalar field is obtained: 



where the energy-momentum tensor is given by T^" 



tin > 



(2.69) 



dL„ 



For simplicity we restrict to dust matter 



g^'^T^j^i, = —pm 1 where the energy density may be written i n ter ms of the conformal transformation (2.66) 
as Pm = PmG^^'^ ■ Then, The equation for the scalar field (2.69) is written in the following way: 



(2.70) 



here it is shown that the dyna mics o f the scalar field depends on the matter energy density. We may write 
the right side of the equation (2.70) as an effective potential Ueff = U{(t) + Pm^^'^ ■ Then, the behavior 
of the scalar field will depend on the effective potential, and the solutions for the equation ( |2.70 ) are given 
by studying £4// . By imposing to the scalar potential U{(t) to be a monotonic decreasing function, the 
effective potential will have a minimum that will govern the solution for the scalar field (for more details 
see |183j ). this minimum is given by: 



(2.71) 
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which depends on the local matter density. At this minimum, the scalar field mass will be given by: 

ml = U^aia^^n) + /?Vme^"'""' . (2.72) 

Then, because of the characteristics of the scalar potential U (cr) , larger values of the local density pm 
corresponds to small values of cr,„i„ and large values of , so it is possible for sufficiently large values of 
the scalar field mass to avoid Equivalence Principle violations and fifth forces on the Earth. As the energy 
density pm becomes smaller, the scalar field mass decreases and Cmm increases, such that at large 
scales (when p ~ Hq ) , the effects of the scalar field become detected, where the accelerated expansion of 
the Universe may be a possible effect. Then, one may restrict the original scalar potential V{(j)) and the 
coupling (1 + f{(j>)) trough the mechanism shown above. The effective potential U^ff is written in terms 



of (j) by the equation (2.661 as 



where U{(j)) = ¥{(/)) /{I + f{4>)) . Then, by giving a function /((/>) and a scalar potential V{(j)) , one may 
construct using the conditions described above on the mass rria- , a cosmological model that reproduces 
the current accelerated expansion and at the same time, avoid the local test of gravity. 



2.3 Reconstruction of non-minimally coupled scalar field theory 



We now consider the reconstruction problem in the non-minimally coupled scalar field theory, or the 
Brans-Dicke theory. We begin with the same scalar-tensor theory with constant parameters (po and Vp : 



S" = y d^xyZ—g 
which admits the exact solution 

<^ = 00 In 



Vict)) = Vo e-^-^/-^" , 



H = 



^ _ 70g - l) 

2t ' 1 2Vo 



We choose (/)qK^ > 2/3 and Vq > so that > . For this solution, the metric is given by 



which can be transformed into the conformal form 

T ^ 



2 j,2 Q 



to 



ds = a. 



To 



Here 



T 
To 



k2a2 



To 



Jo 



and therefore, by using (2.751, one finds 



(2.74) 



(2.75) 



(2.76) 



(2.77) 



(2.78) 



T 

To 



(2.79) 
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We now consider an arbitrary cosmology given by the metric 

/ 3 



where r is the conformal time. Since 



1 



fir) " Kro 



an 



e^ = 



2 / ti 



■0 \to 



2 i 2 



/ -TO 



if we begin with the action in which g^,^ in (2.74) is replaced by e'^g^^ 

2' 



S = d xy/—ge 



R 1 

2^ " 2 



e 2 



we obtain the solution (2.80) 



(2.80) 



(2.81) 



(2.82) 



Example 



By using the conformal time r , the metric of de Sitter space 

3 



can be rewritten as 



ds' = 



(2.83) 



(2.84) 



Here r is related to t by e ^o* = —Hqt . Then t — ?• — oo corresponds to r — > +oo and t — >■ +oo 
corresponds to t . 



As an example of /(r) in (2.80), we may consider 

fir) 



1 + Hlr^) 



H'It^ (1 + Hjr^) 



(2.85) 



where H^ and Hj are constants. At early times in the history of the universe r — > oo (corresponding 
to t —i' —oo), f{T) behaves as 



fir)^ 



1 



H]t^ 



(2.86) 



Then the Hubble rate is given by a constant Hi , and therefore the universe is asymptotically de Sitter 
space, corresponding to inflation. On the other hand, at late times r (corresponding to t — >■ +oo ), 
/(r) behaves as 

fir) ^ ■ (2.87) 

Then the Hubble rate is again a constant H^ , which may correspond to the late time acceleration of 
the universe. This proves that our reconstruction program can be applied directly to the non-minimally 
coupled scalar theory. 
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2.4 Late time acceleration and inflation with several scalar flelds 



In this section we begin by considering a model with two scalar fields minimally coupled to gravity (see 
|133l 12311 1232] ). Such models are used, for example, in reheating scenarios after inflation. 

An additional degree of freedom appears in this case, so that for a given solution we may choose 
different conditions on the scalar fields, as shown below. It is possible to restrict these conditions by 
studying the perturbative regime for each solution. The action wc consider is 



-9 



R 
2^ 



(2.88) 



where u}{(f>) and <t(x) are the kinetic terms, which depend on the fields and x ? respectively. We again 
assume a flat FLRW metric. The Friedmann equations are written as 



,-•2 r 



ic^(0)02 + ia(x)x2 + mx) 



2 



w(0)02 + (t(x)x' 



(2.89) 



By means of a convenient transformation, we can always redefine the scalar fields so that we can write 
(j) = X = t . The scalar field equations are given by 

uj{cl,)4> + \io'm^ + iHu:{<t>)4> + ^^^^ = , <y{x)x + ^^'(x)x' + 3Fa(x)x + - . (2.90) 

Then, for a given solution H{t) — f(t) , and combining the first Friedmann equation with each scalar field 
equation, respectively, we find 



2 a/(^,x) 



> cr(x) 



2 a/(</.,x) 



d(f) ' dx ' 

where the function f{(l),x) carries down to f{t,t) = f{t) , and is defined as 



uj{(t>)d(t)+ / (T{x)dx 



The scalar potential can be expressed as 

V{c^.x)^\ 3/((/.,x) 
and the second Friedmann equation reads 



2 , 9/(0, x) , a/((/.,x) 



d4> 



dx 



(2.91) 



(2.92) 



(2.93) 



(2.94) 



Then, the kinetic functions may be chosen to be 

^(0) = + gm , ^('/') = ^gix) , 

where g is an arbitrary function. Hence, the scalar field potential is finally obtained as 

1 



V{^, X) = ^ [3/(0, xf + f'W + 9{4>) - 5(X)] 



(2.95) 



(2.96) 
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Example 1 



We can consider again the solution (2.17) 



Hn 



Hi 

t2 



(2.97) 



ts-t 

This solution, as already seen in Sec. II, reproduces unified inflation and late time acceleration in a scalar 



field model with matter given by action (2.1 ). We may now understand this solution as derived from the 



two-scalar field model (2.881, where a degree of freedom is added so that we can choose various types 



of scalar kinetic and potential terms, as shown below for the solution (2.97). Then, from Eqs. (2.95) 

Ho 2 Hi 



and (2.97), the kinetic terms follow: 



k2 [its-4>)^ 



.9(0) 



The function /(0, x) is 



/(</-, x) 



Ho 



Hi 

^2 



#5(0) - / dxgix) 



while the scalar potential is 



V^(0,X) = 



3/(0, X)' 



Hn 



its-' 



2Hi 

- -r + 5(0) - .9(x) 



(2.98) 



(2.99) 



(2.100) 



This scalar potential reproduces the solution (2.97) with an arbitrary function g{t) 



It is possible to further restrict g{t) by studying the stability of the system considered. To this end, 
we define the functions 

= X , Y= ^ . 



Xd, — 



(2.101) 



Then, the Friedmann and scalar field equations can be written as 



dX, 







dN 

dN 
dY 



1 ^^(0) 

2H uj{(t)) 
2H aix) 



(x| - 1) - 3 (x^ - r) , 



{Xl-l)-3{X^-Y) 



(2.102) 



[w(0)X^(yX^ - 1) + a{x)X^(YX^ - 1)] 



where 



then 



d _ J_J_ 
dN ~ H dt 



dN 2i?2 

At Xcf, = Xy^ = y = 1 , we consider the perturbations 

X^ = 1 + SX4, , X^ = 1 + SX^ , Y=1 + SY, 



_d_ 
dN 



SX^ 
SX^ 
SY 



5X^ 
M I SX^ 
SY 



M 









,^2 g-(x) 



3 

3 

^2 '^(0)+'t(x) 
2H^ 



(2.103) 



(2.104) 



(2.105) 
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The eigenvalue equation is given by 

3 + A 



Huj{(t>) 



+- 



3 + A 



3 + A 



2F2 \Ha{x) J 2m \Huj{(j)) 

To avoid divergences in the eigenvalues, we choose the kinetic functions to satisfy 



. 



(2.106) 



(2.107) 



hence, the eigenvalues in Eq. (2.106) are finite. Summing up, under these conditions, the solution (2.97) 



has no infinite instability when the transition from the non-phantom to the phantom phase occurs. 

As an example, we may choose g{t) — a/t^ , where a is a constant that satisfies a > 2Hi . Then, the 



f{4i,x) function (2.99) is given by 



/(0,X) = 



Ho 



{a - 2gi) 
202 



As a result, the kinetic terms (2.98) are expressed as 

Ho 



{ts 



2Hi 

2 



a 
^3 



and the potential reads 



3/(0, x)' 



Ho 



{ts 



2x2 



a-2Hi 

J3 



2 a 

1^2 ^3 



a 

Z3 



(2.108) 



(2.109) 



(2.110) 



This potential reproduces the solution (2.97) that unifies inflation and late time acceleration in the context 



of scalar-tensor theories, involving two scalar fields. Notice that the extra degree of freedom gives the 
possibility to select a different kinetic and scalar potential in such a manner that we get the same solution. 



In the case in which the condition (2.107) is not imposed, the kinetic terms (2.95) may have zeros for 



< t < ts , so that the perturbation analysis performed above ceases to be valid because some of the 
eigenvalues could diverge. 



2.4.1 General case: n scalar fields 



As a generalization of the action (2.88), we now consider the corresponding one for n scalar fields 
5' = 



1 1 

- - ^L.,(0,)5^0^5'^0. - V(0i, 



The associated Friedmann equations are 



" 1 2 
^ 7^^^'i{<f>i)4>z +V{<j>l,- ■ ■ ,(l)n) 



H = 



(2.111) 



(2.112) 
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We can proceed analogously to the case of two scalar fields so that the kinetic terms are written as 

" 2 

hence, 



(2.113) 



(A \ 2 ■ ■ ■ ,0„) , , 1 



where /(i, t, • • • , t) = /(i) ■ Then the following solution is found 

= i , H{t) = fit) . 



(2.114) 



(2.115) 



From (2.113) we can choose, as done above, the kinetic terms to be 



2 2 2 

wi((?!)i) = [/' (01 ) +52(^1) H h5„(0i)] , W2((/)2) = ^52(^2) , w„(0„) = ^5„(0„) . 

(2.116) 

Then, there are n — 1 arbitrary functions that reproduce the solution (2.1151 so reconstruction may be 
successfully done. They could be chosen so that dark matter is also represented by some of the scalar 
fields appearing in the action (2.1111. 



2.5 Reconstruction of inflation and cosmic acceleration from 
two-scalar theory 

In the present section, infiation and cosmic acceleration are reconstructed separately, by means of a two 
scalar field model that reproduces some of the cosmological constraints at each epoch. We explore an 
inflationary model in which the scalar potential, given for a pair of scalar fields, exhibits an extra degree of 
freedom and can be chosen in such way that slow-roll conditions are satisfied. Also, the cosmic acceleration 
is reproduced with a pair of scalar fields plus an ordinary matter term, in which the values of the observed 
cosmological density parameter ( Qde — 0.7 ) and of the EoS parameter ( wde — ~1 ) are reproduced in a 
quite natural way. For the case of a single scalar, the reconstruction for similarly distant epochs was given 
in Ref. PTB] . 



Inflation 

In the previous sections, models describing infiation and late-time accelerated expansion have been con- 
structed by using certain convenient scalar-tensor theories. In this section, we present an inflationary 
model with two scalar fields, which can be constructed in such a way that the infiationary conditions are 
carefully accounted for. For this purpose, we use some of the techniques given in the previous section. 
The action during the inflationary epoch is written as 



5" = 



R 

2^ 



df^xd^'x - V{(l), x) 



(2.117) 



We will show that a general solution can be constructed, where the scalar field potential is not completely 
specified because of the extra degree of freedom represented by the second scalar field added, in a way 
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similar to the situation occurring in the previous section. Considering a spatially flat FLRW metric, the 
Friedmann and scalar field equations are obtained by using the Einstein equations and varying the action 
with respect to both scalar fields: 



.3H<^+^^%^=0, ^ + 3Hx+^^^^0. (2.118) 



d(t) 



dx 



We assume that the slow-roll conditions are satisfied, that is , ^ 3H(j) (x <C iHx) , and (fP <^ V{(l),x) 
(x^ ^ V{4'tX)) : in order for inflation to occur. Then, Eqs. (2.118) take the form 



, 3Hx 



dV{^,x) 
dx 



and the slow-roll conditions read 



3k2 y2 



< 1 



1 



3k2 



V 



< 1 . 



(2.119) 



(2.120) 



Here, Vi denotes the partial derivative of V with respect to one of the scalar fields {i — <j>,x)- As done 
previously, a scalar potential V{(f), x) can be constructed, although in this case the conditions for inflation 
need to be taken into account. From (2.119), the potential is given by 



V{^,x)^^H\<j>,x) 



We can choose this potential such that 



^^(0,X) = ^[/'(0,X)+51(0)-32(X)] 



(2.121) 



(2.122) 



The three components f , gi , and 52 are arbitrary functions, and g{N) — gi{N) — g2{N) where, for 
convenience, we use the number of e-folds iV = In instead of the cosmic time, and a, denotes the 
initial value of the scale factor before inflation. Then, the following solution is found: 



HiN) = fiN) 



(2.123) 



Hence, Eqs. (|2.119|) may be expressed as a set of differential equations with the number of e-folds as 

dcp , dV{(f>,x) _n o,2,^ndx , dV{(l),x) 



independent variable. 



3/^(iV) 



dN 







3/^ (TV) 



dN 



dx 







(2.124) 



To illustrate this construction, let us use a simple example. The following scalar potential, as a function 
of the number of e-folds N , is considered: 

y(0,x) = ^[i?o'^'1 , (2.125) 

where a and Hq are free parameters. By specifying the arbitrary function g{N) , one can flnd a solution 
for the scalar fields. Let us choose, for the sake of simplicity, g{N) — goN'^" , where go is a constant, and 
/(</*! x) = /(</*) (i-e., as a function of the scalar field only). Then, using Eqs. ( |2.124 ), the solutions for 
the scalar fields are found to be 

(l^iN) - 00 - -^j2a{Hi+go) In TV , x{N) = Xo - ^ V^go^ , (2.126) 
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and the scalar potential can be written as 



{Hq + 5o) cxp K 



2aHo 



90 



90 



2a 



We are now able to impose the slow-roll conditions by evaluating the slow-roll parameters 



3^2 T/2 

1 VvW^ 



2a ( {Ha + go) 



3k2 



V 



3ff2 



3" 



{m+90? 



16.go(4Q: 



12 1 



4^2 a 



2^2 



iV2 



< 1 



(2.127) 



(2.128) 



Hence, we may choose conveniently the free parameters so that the slow-roll conditions are satisfied, and 
therefore, inflation takes place. From these expressions we see that the desired conditions will be obtained, 
in particular, when a is sufficiently small and/or Hq and N are large enough. All these regimes help to 
fulfill the slow-roll conditions, in a quite natural way. 



Cosmic acceleration with a pair of scalar fields 

It is quite reasonable, and rather aesthetic, to think that the cosmic acceleration could be driven by the 
same mechanism as infiation. To this purpose, we apply the same model with two scalar fields, with the 
aim of reproducing late-time acceleration in a universe filled with a fluid with EoS p„i — w,npm ■ The free 
parameters given by the model could be adjusted to fit the observational data, as shown below. We begin 
with the action representing this model. 



S = d Xy/~g 



;^-Ud^r-lidxr-V{c^,x) + U, 



By assuming a spatially fiat FLRW metric, one obtains the Friedmann equations 



H' = 



^W' + ^(x)'+mx)+Pr, 



l^^ + lx^ + v{^,x) + P. 



Variation of the action (2.1291 yields the scalar field equations 

4> + iH4> + = , X + 'iHx + = 



(2.129) 



(2.130) 



(2.131) 



This set of independent equations may be supplemented by a fifth one, the conservation of matter-energy 
density, Pm , 

p,n + 3Hp„,{l + w,n) = . (2.132) 
As done in |216j . we perform the substitutions 



Pm „ ^ hi^l+Uxl + n^ _p,,j ^ i(0)2 + i(x)^-V(0,x) 

(2.133) 

For convenience, we consider both scalar fields together under the subscript sf , so that the corresponding 
density parameter is Qgf — + ■ Then, using the transformations (2.133), the Friedmann equations 
and the scalar equation read 



nsf = l, 2e + 3{l + Wsf)nsf + 3{l + Wm)^„i ^0 , + 2ensf + Sftsfil + Wsf) = . (2.134) 



2.5. INFLATION AND COSMIC ACCELERATION FROM TWO SCALAR FIELDS 



39 



Here, the prime denotes differentiation with respect to the number of e-folds = In 



We can now 



combine Eqs. (2.133) to write the EoS parameter for the scalar fields as a function of Qgf and of the time 
derivative of the scalar fields, namely 



'Jsf 



- m 



sf 



3fl 



(2.135) 



Hence, it is possible to find an analytic solution for the equations (2.1341, for a given evolution of the 
scalar fields, as will be seen below. Before doing that, it is useful to write the effective EoS parameter, 
which is given by 

WcS = -1 - ^ , Poff = Pm + Psf , PcS = Prn + Psf , (2.136) 



and the deceleration parameter 



1 



(2.137) 



As usual, for q > Q the universe is in a decelerated phase, while g < denotes an accelerated epoch, 
such that for < — 1/3 the expansion is accelerated. To solve the equations, we consider a universe 
which, at present, is filled with a pressureless component ( Wm = ) representing ordinary matter, and 
two scalar fields which represent a dynamical dark energy and a dark matter species. To show this, we 
make the following assumption on the evolution of the scalar fields, which are given as functions of N : 



N 



(2.138) 



Then, Eqs. (2.134) can be solved, and the scalar field density parameter takes the form 

A 



1 



fcc^^ + 3 



(2.139) 



where k is an integration constant and A = 3 — (a^ + /3^) . It is possible to introduce an arbitrary function 
g{N) , to express the energy density parameter for each scalar field in the following way: 



A 



9iN) 



(2.140) 



The function g{N) may be chosen in such a way that the scalar field x represents a cold dark matter 
contribution at present ( — ) , and the scalar field represents the dark energy responsible for the 
accelerated expansion of our universe. On the other hand, using Eqs. (2.134), e = ^ is obtained as 



1 - 



fcA (fee 



XN 



-/?2)e- 



3fc] {kc 



3) 



Then, it is possible to calculate the effective parameter of EoS given by Eq. (2.124) 

fcA(fce^^+a2/?2) 



WcS = -1 - -e = 



[(a2 + f32 



3fc] (fce^^ + 3) 



(2.141) 



(2.142) 



We have four free parameters ( iV , k , a , j3) that may be adjusted to fit the constraints derived from 
observations. With this purpose, we use the observational input Q.m — 0.03 , referred to baryonic matter, 
and normalize the number of e-folds N , taking iV = at present, then the integration constant k may 
be written as a function of a and /? as 



n™(iV = 0) = 0.03 k = 



2.01- (g^ + Zg^) 



(2.143) 
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The free parameter /? may be fixed in such a way that the scalar field x represents cold dark matter at 
present, i.e., ~ and fl^ ~ 0.27 , and its EoS parameter is written as 



- 5g{N) 



(2.144) 



For convenience, we choose g{N) = ^e ^ , then the energy density and EoS parameter are given by 



-TV 



/3^-Tv 



-N 



^ 3 



(2.145) 



Hence, at present {N — 0), the expressions (2.145) can be compared with the observational values and 
the P parameter is given by 



w^{N = 0) = , n^iN = 0) ~ 0.27 ^ 13^ = 0.81 



Finally, the energy density of (j) expressed by Eq. (|2.140|) takes the form 



1 



A 



(2.146) 



(2.147) 



The value for a could be taken so that ~ 0.7 and ~ —1 at present. Hence, it has been shown 
that cosmic acceleration can be reproduced with a pair of scalar fields, where due to the presence of the 
extra scalar that can be identified with the dark matter component. 

It is interesting to point out that one can unify these realistic descriptions of the inflationary and late- 
time acceleration eras within a single theory. However, the corresponding potential looks quite complicated. 
The easiest way would be to use step ( 9 -function) potentials in order to unify the whole description in 
the easiest way (as was pioneered in |105j l. 

We may also construct a model unifying early universe inflation and the present accelerated expansion 
era. To this end we can choose /(0) in (2.28), which gives the Hubble parameter (2.29). Then, using 
( 2.95[ ), one can define uj{(f>) and cr{x) with the help of an arbitrary function g. After defining then 
f{4>,x) with Eq. ( 2.92[ ), we can construct the potential V{(l),x) using Eq. (2.93). Finally, we obtain the 



two scalar-tensor theory (|2 
accelerated expansion 



reproducing the Hubble rate (2.29), which describes both inflation and the 



2.6 Discussions 



Modelling both early inflation and late-time acceleration within the context of a single theory has, un- 
doubtedly, much aesthetic appeal and seems a worthy goal, which we attempted here. To summarize, we 
have developed the reconstruction program for the expansion history of the universe by using a single or 
multiple (canonic and/or phantom) scalar fields. Already in the case of single scalar, we have presented 
many examples which prove that it is possible to unify early-time inflation with late-time acceleration. 

The reconstruction technique has then been generalized to the case of a scalar non-minimally coupled 
to the Ricci curvature, and to non-minimal (Brans-Dicke-type) scalars. Again, various explicit examples 
of unification of early-time inflation and late-time acceleration have been presented in such formulations. 
The chameleon mechanism is studied for our specific model, such that local constraints are satisfied 

Finally, the case of several minimally coupled scalar fields has been considered in the description of the 
realistic evolution of the Hubble parameter, and we have shown that it is qualitatively easier to achieve the 
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realistic unification of late and early epochs in such a model in such a way as to satisfy the cosmological 
bounds coming from the observational data. We have shown that the perturbations could diverge in the 
case of a single scalar field that crosses the phantom barrier. This trouble is easily resolved by including 
a second scalar field, and imposing on each one a canonical (phantom) behavior. Using the freedom 
of choosing these scalar functions, one can constrain the theory in an observationally acceptable way. 
For instance, slow-roll conditions and stability conditions may be satisfied in different ways for different 
scalar functions, while the scale factor remains the same. This may be used also to obtain the correct 
perturbations structure, etc. 



CHAPTER 2. INFLATION AND ACCELERATION IN SCALAR-TENSOR THEORIES 



Chapter 3 



Oscillating Universe from 
inhomogeneous EoS and coupled 
dark energy 



n the present chapter, we describe an oscillating Universe produced by an ideal dark fluid, what allows 
the possibility to unify early and late time acceleration under the same mechanism, in such a way that the 
Universe history may be reconstructed completely. On the other hand, it is important to keep in mind 
that these models represent just an effective description that owns a number of well-known problems, as 
the end of inflation. Nevertheless, they may represent a simple and natural way to resolve the coincidence 
problem, one of the possibilities may be an oscillating Universe (Refs. [TTl [321 11491 12301 1307j ). where the 
different phases of the Universe are reproduced due to its periodic behavior. The purpose of this chapter 
is to show that, from inhomogeneous EoS for a dark energy fluid, an oscillating Universe is obtained, 
and several examples are given to illustrate it. The possibility of an interaction between dark energy 
fluid, with homogeneous EoS, and matter is studied, which also reproduces that kind of periodic Hubble 
parameter, such case has been studied and is allowed by the observations (see |166| I165 |). The possible 
phantom epochs are explored, and the possibility that the Universe may reach a Big Rip singularity (for 
a classification of future singularities, see Ref. [246] ) . 



3.1 Inhomogeneous equation of state for dark energy 

Let us consider firstly a Universe filled with a dark energy fluid, neglecting the rest of possible components 
(dust matter, radiation..), where its EoS depends on the Hubble parameter and its derivatives, such kind 
of EoS has been treated in several articles 47, 53, 75, 225] [229]. We show that for some choices of the EoS, 
an oscillating Universe resulted, which may include phantom phases. Then, the whole Universe history, 
from inflation to cosmic acceleration, is reproduced in such a way that observational constraints may be 
satisfied |1791 1256] . We work in a spatially flat FLRW Universe. The Friedmann equations, considering 



^This Chapter is based on the publication; |266l . 
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now a perfect fluid, are obtained: 



H 



iP + p) 



3 2 
At this section, the EoS considered is given to have the general form: 

p = wp + g{H,H,H,..;t) , 



(3.1) 



(3.2) 



where w is a constant and g{H, H , H ^ ..]t) is an arbitrary function of the Hubble parameter 77, its 
derivatives and the time t , (such kind of EoS has been treated in Ref. |225j ). Using the FLRW equations 
(3.1) and (3.2 1, the following differential equation is obtained: 



H+^{1 + w)H^ + y.g(i/, H, H, .-t) = 



(3.3) 



Hence, for a given function g, the Hubble parameter is calculated by solving the equation (3.3). It is 
possible to reproduce an oscillating Universe by an specific EoS (3.2). To illustrate this construction, let 
us consider the following g function as an example: 



g{H,H,H) = [h + H + iolH + -{l + w))H^ - Hi 



(3.4) 



where Hq and Wq are constants. By substituting (3.4) in (3.3) the Hubble parameter equation acquires 
the form: 

H + ujoH = Ho, (3.5) 



which is the classical equation for an harmonic oscillator. The solution is found: 

H{t) ^ -^+Hi sin(woi + Sq) , 



(3.6) 



where Hi and Sq are integration constants. To study the system, we calculate the first derivative of 
the Hubble parameter, which is given by H = Hi cos{ujot + 6o) , so the Universe governed by the dark 
energy fiuid (3.4) oscillates between phantom and non-phantom phases with a frequency given by the 
constant cjq , constructing inflation epoch and late-time acceleration under the same mechanism, and Big 
Rip singularity avoided 

As another example, we consider the following EoS (3.2) for the dark energy fluid: 



p — wp-i — ^ 



Hfit) . 



(3.7) 



In this case g{H; t) = -^Hf'{t) , where f{t) is an arbitrary function of the time t , and the prime denotes 
a derivative on t . The equation (3.3) takes the form: 



H + Hfit) = -^{l + w)H^ 



(3.8) 



This is the well-known Bernoulli differential equation. For a function f{t) = —In (Hi + Hq sinwoi) , where 

(3.9) 



Hi > Hq are arbitrary constants, then the following solution for (3.8) is found: 

Hi + H(j sin uJot 



H{t)= 3 



(1 + w)t + k 
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Figure 3.1: The Hubble parameter H and H for a value w = —1.1 
and a Big Rip singularity takes place at Rip time tg . 



Phantom phases occurs periodically, 



here, the k is an integration constant. As it is seen, for some values of the free constant parameters, 
the Hubble parameter tends to infinity for a given finite value of t . The first derivative of the Hubble 
parameter is given by: 



H 



+ w)t + k) cos ujot - {Hi + Hosinujot)^l + w) 
(f(l + ii;)< + fc)2 



(3.10) 



As it is shown in fig |3.H the Universe has a periodic behavior, it passes through phantom and non-phantom 
epochs, with its respectives transitions. A Big Rip singularity may take place depending on the value of 
w , such that it is avoided for w > —1 , while if w < —1 the Universe reaches the singularity in the Rip 
time given by tg — 



2 k 



3.2 Dark energy ideal fluid and dust matter 
3.2.1 No coupling between matter and dark energy 

Let us now explore a more realistic model by introducing a matter component with EoS given by pm — 
WmPm , we consider an inhomogeneous EoS for the dark energy component j75 1 B25j . It is shown below 
that an oscillating Universe may be obtained by constructing an specific EoS. In this case, the FLRW 



equations (3.1) take the form: 

2 2 
i?' = + ij^-yCp+P + Pm+Pm) • (3.11) 

At this section, we consider a matter fiuid that doesn't interact with the dark energy fiuid, then the energy 
conservation equations are satisfied for each fluid separately: 

p;„ + 3i7(p„, + p™) = 0, p + 3H{p + p)^0 . (3.12) 

It is useful to construct an specific solution for the Hubble parameter by defining the effective EoS with 
an effective parameter Wef / : 

Pe f f 

Weff=— , Peff^P + Pm, Peff^P+Pni, (3.13) 

Peff 
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and the energy conservation equation p^fj + 3H{peff +Peff) = is satisfied. We consider a dark energy 
fluid which is described by the EoS describes by the following expression: 



P= -P 



1 2(l + ^;(t)) _ „-3(i+-™)/rft37(W 



(3.14) 



here pmo is a constant, and w(t) is an arbitrary function of time t . Then the following solution is found: 



H{t) = 



3 / dt{l + w{t)) 



(3.15) 



And the effective parameter (3.13) takes the form We// = ui{t) . Then, it is shown that a solution for the 
Hubble parameter may be constructed from EoS (3.141 by specifying a function w{t) . 



Let us consider an example J230' with the following function for w{t) 

-1 + Wq cos Ldt . 



W 



In this case, the EoS for the dark energy fluid, given by (3.14), takes the form 

' LUWoCOSiut ^ -3{l+v 



P 



-P+ ^ , -■ 7 - (1 + w„)p,„oe 

3k^ Wi + 7«o smcjr 



3(mi+rao sinojt) 



where wi is an integration constant. Then, by (3.15), the Hubble parameter yields: 



3(7111 + wa sinwi) 



(3.16) 



(3.17) 



(3.18) 



The Universe passes through phantom and non phantom phases since the first derivative of the Hubble 
parameter has the form: 

H = - ^-'^ocosut 

3(wi + Wo smwt)^ 

In this way, a Big Rip singularity will take place in order that \wi\ < wq , and it is avoided when \wi\ > wq ■ 
As it is shown, this model reproduces unified inflation and cosmic acceleration in a natural way, where 
the Universe presents a periodic behavior. In order to reproduce accelerated and decelerated phases, the 
acceleration parameter is studied, which is given by: 



a 3(wi + W(j sin ujt)^ \3 



Wq cos Ujt 



(3.20) 



Hence, if wq > 2/3 the different phases that Universe passes are reproduced by the EoS (3.17), presenting 
a periodic evolution that may unify all the epochs by the same description. 



As a second example, we may consider a classical periodic function, the step function: 

w{t) = -1 + 



wo <t<T/2 
wi T/2<t<T 



(3.21) 



and w{t + T) = w{t) . It is useful to use a Fourier expansion such that the function (3.21) become 
continuous. Approximating to third order, w{t) is given by: 



w{t) = -1 



(wq+Wi) 2iwQ-Wi) 



sin 



sin 3ujt sin but 



(3.22) 
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Figure 3.2: The Hubble parameter, its derivative and the acceleration parameter are represented for the 
"step" model for values wq — —0.2 and wi — 1 . 



Hence, the EoS for the Dark energy ideal fluid is given by (3.14), and the solution (3.15) takes the following 
form: 



H(t) = - 
^ ' 3 



W2 H 1 



2(wq ~ wi) ( cos 3wt cosSwi 

' cos ujt - 



9 



25 



(3.23) 



The model is studied by the first derivative of the Hubble parameter in order to see the possible phantom 
epochs, since: 



2 



{wq + Wl) 



-{wo — Wl) sincji + 



sin Sut sin 5ujt 



(3.24) 



Then, depending on the values from wq and Wi the Universe passes through phantom phases. To 
explore the different epochs of acceleration and deceleration that the Universe passes on, the acceleration 
parameter is calculated: 

a 



H 



(wq + Wl) 2 / sin3a;i sin5a;t 

[Wq- Wl) smujt H \ 

2 TT V 3 5 



(3.25) 



Then, in order to get acceleration and deceleration epochs, the constants parameters wq and Wi may be 



chosen such that wq < 2/3 and wi > 2/3, as it is seen by (3.21). For this selection, phantom epochs 



take place in the case that wq < . In any case, the oscillated behavior is damped by the inverse term 
on the time t , as it is shown in fig |3.2[ where the acceleration parameter is plotted for some given values 
of the free parameters. This inverse time term makes reduce the acceleration and the Hubble parameter 
such that the model tends to a static Universe. 



We consider now a third example where a classical damped oscillator is shown, the function w(t) is 
given by: 

w(t) = -1 + e""*u;o cosujt , (3.26) 
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here a and Wq are two positive constants. Then, the EoS for the dark energy ideal fluid is constructed 



from (3.14|. The solution for the Hubble parameter (|3.15|) is integrated, and takes the form: 

Hit) 



2 ij^ + a^ 

3 wi + i(7oe^"*(w sincot — acosujt) 



(3.27) 



where Wi is an integration constant. The Hubble parameter oscillates damped by an exponential term, 
and for big times, it tends to a constant H{t — !• oo) = | " , recovering the cosmological constant 
model. The Universe passes through different phases as it may be shown by the accelerated parameter: 



a 
a 



H' 1 



-e "^WQCOsojt 



(3.28) 



It is possible to restrict wq > | in order to get deceleration epochs when the matter component domi- 
nates. On the other hand, the Universe also passes through phantom epochs, since the Hubble parameter 
derivative gives: 

3 



H 



-H e Wo cos ujt . 



(3.29) 



Hence, the example (3.261 exposes an oscillating Universe with a frequency given by uj and damped by a 



negative exponential term, which depends on the free parameter a , these may be adjusted such that the 
phases agree with the phases times constraints by the observational data. 



3.2.2 Dark energy and coupled matter 



In general, one may consider a Universe filled with a dark energy ideal fluid whose Eos is given p = wp , 
where w is a constant, and matter described by Pm = <^mPm , both interacting with each other. In order 
to preserve the energy conservation, the equations for the energy density are written as following: 



'SH{pm+Prn) ^ Q, p+3H{p + P) ^ -Q 



(3.30) 



here Q is an arbitrary function. In this way, the total energy conservation is satisfied Pe// + '^^{pf.ff + 
Pe//) = , where Peff^P + Pm and pe/y = p + p„i , and the FLRW equations (3.11 1 doesn't change. To 



resolve this set of equations for a determined function Q , the second FLRW equation (3.11 1 is combined 



with the conservation equations (3.30), this yields 



H 



K 

y 



(1 + Wm) 



J Qexp(/ dt3H{l + w,n)) 



-(1 



w 



cxp(/ dt3H{l + Wm j) 

-J Qexp(/ dt3H{l + w)y 
exp(/dt3i7(l + w)) 



(3.31) 



In general, this is difficult to resolve for a function Q. As a particular simple case is the cosmological 
constant where the dark energy EoS parameter w ^ —I is considered, the equations become very clear, 
and (3.30) yields p = —Q , which is resolved and the dark energy density is given by: 



pit) ^po~ dtQ{t) , 



(3.32) 



where po is an integration constant. Then, the Hubble parameter is obtained by introducing (3.32) in 
the FLRW equations, which yields: 



H 



^-{l + w^)H^='^{l 



po- dtQ 



(3.33) 
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Hence, Hubble parameter depends essentially on the form of the coupling function Q . This means that 
a Universe model may be constructed from the coupling between matter and dark energy fluid, which 
is given by Q , an arbitrary function. It is shown below that some of the models given in the previous 
section by an inhomogeneous EoS dark energy fluid, are reproduced by a dark energy fluid with constant 
EoS (w = —1 ), but coupled to dust matter. By differentiating equation (3.33), the function Q may be 
written in terms of the Hubble parameter and its derivatives: 



Q 



1 



^2 1 



H + 3(l 



)hh) 



(3.34) 



As an example, we use the solution( |3.6[ ): 

H{t) =Ho + Hi sin(wot + 5o) 



Then, by the equation (3.33), the function Q is given by: 

Q{t) 



[Hqoj'^ sinujt + 3(1 + Wm)hQUJ cosujt{Hi + Hq sinwf))] 



(3.35) 



(3.36) 



Then, the oscillated model ( |3.35[ ) is reproduced by a coupling between matter and dark energy, which also 
oscillates. Some more complicated models may be constructed for complex functions Q . As an example 



let us consider the solution (3.18) 



H{t) 



2uj 



The coupling function (3.34 1 takes the form 

Q{t) - 



3(wi + Wo sinujt) 



(3.37) 



3k2 (1 + Wm){wi + wq sinwt)^ 
[sinLLii(u'i + wq sincjt)^ + 2wo cos^ ujt — 2(1 + Wm) coswi] 



(3.38) 



This coupling function reproduces a oscillated behavior that unifies the different epochs in the Universe. 
Hence, it have been shown that for a constant EoS for the dark energy with w = — 1 , inflation and 
late-time acceleration are given in a simple and natural way. 



3.3 Scalar-tensor description 



Let us now consider the solutions shown in the last sections through scalar-tensor description, such equiv- 
alence has been constructed in Ref. [HI]. We assume, as before, a flat FLRW metric, a Universe filled 
with a ideal matter fluid with EoS given by Pm = WmPm , and no coupling between matter and the scalar 
field. Then, the following action is considered: 



S = dx 



- V{cb) + L, 



(3.39) 



here uj{4>) is the kinetic term and V{(j)) represents the scalar potential. Then, the corresponding FLRW 
equations are written as: 



+ P7n+ P4>+'l 



(3.40) 
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where and p^, given by: 



= ^C^(0) + , = - 1/(0) 



By assuming: 



1 r 



The following solution is found: 
which yields: 



t , H{t) = fit) , 



i{t) — ape 



flo = 



PmO 



Then, we may assume solution (3.27), in such case the /(0) function takes the form: 



3 wi + wqC ""^(wsinwi/) — acosw(/)) ' 



And by (3.42) the kinetic term and the scalar potential are given by: 



m = 4/'('/'Ke-"*cosc.0- (l + w,„)i^oe-3(i+'"")^(*\ 



y{<i>) 



3/2(0) 



1 - -u;oe~"'^cosw0 ) + 



1 



^ -3(1+»„)FW) 



(3.41) 



(3.42) 
(3.43) 
(3.44) 

(3.45) 



(3.46) 



where -F(0) = J d(j)f{(f>) and Fq is an integration constant. Then, the periodic solution (3.27) is re- 
produced in the mathematical equivalent formulation in scalar-tensor theories by the action (3.39) and 
explicit kinetic term and scalar potential, in this case, is given by (3.46). 



3.4 Discussions 



In this chapter, a Universe model has been presented that reproduces in a natural way the early and 
late-time acceleration by a periodic behavior of the Hubble parameter. The late-time transitions are 
described by this model: the transition from deceleration to acceleration, and the possible transition from 
non-phantom to phantom epoch. The observational data does not restrict yet the nature and details of the 
EoS for dark energy, then the possibility that Universe behaves periodically is allowed. For that purpose, 
several examples have been studied in the present chapter, some of them driven by an inhomogeneous EoS 
for dark energy, which just represents an effective description of nature of dark energy, and others by a 
coupling between dark energy and matter which also may provide another possible constraint to look for. 



Part II 



On modified theories of gravity and 
its implications in Cosmology 
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Chapter 4 



Modified f(R) gravity from 
scalar-tensor theories and 
inhomogeneous EoS dark energy 



n this chapter modified f(R) theories of gravity are introduced in the context of cosmology which avoid 
the need to introduce dark energy, and may give an explanation about the origin of the current accelerated 
expansion and even on the expansion history of the Universe (for recent reviews and books on the topic, 
see [7Hl [2iniEHT] 1. 

In this sense, the cosmic acceleration and the cosmological properties of metric formulation f(R) theories 
have been studied in Refs.[Il[71[2nillll60, 35, 6 11 171 17^17^1^1 [TO IMISm 15^1 ITTUlfTn^ [TIM ITT^ITMIT^ 
Um nm Uni IMI HH IMI Hm [245, |2481 UMl WS\ ■ Recently the main focus has been improviding 
a f(R)-theory that reproduces the whole history of the Universe, including the early accelerated epoch 
(inflation) and the late-time acceleration at the current epoch, Refs. |105L 12281 12341 1^5^ 1237] . where the 
possible future singularities have been studied in the context of f(R)-gravity(see Ref. [236]). It is impor- 
tant to remark that the main problem that this kind of theories found at the begining of its development 
was the local gravitational test; nowadays several viable models have been proposed, which pass the solar 
system tests and reproduce the cosmological history (see piU [551 [T751 [^ [^ [^ [2571 [^ [^ V 
The reconstruction of f(R)-gravity is shown, to be possible in the cosmological context by using an auxil- 
iary scalar field and then various examples are given where the current accelerated expansion is reproduced 
and also the whole history of the Universe. Also the analogy between the so-called dark fluids, whose EoS 
is inhomogeneous and which have been investigated as effective descriptions of dark energy in Chapter 3, 
and the f(R)-theories is investigated. 



^This Chapter is based on the pubhcation; |265| . 
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4.1 Reconstruction of f(R)-gravity 



In this section, it will be shown how f(R) theory may be reconstructed in such a way that cosmological 
solutions can be obtained. Let us start with the action for f(R)-gravity: 



S 



2k2 



d^xV^ if{R) + Lra) 



(4.1) 



Here Lm denotes the lagrangian of some kind of matter. The field equations are obtained by varying the 
action on g^i^ , then they are given by: 



(4.2) 



where T^™'' is the energy-momentum tensor for the matter that filled the Universe. We assume a flat 
FLRW metric: 



(4.3) 



Then, if T^u^^ is a perfect fluid, the modified Friedmann equations for the Hubble parameter H{t) 
take the form: 

\f{R) - 3(ff2 + H)f{R) + 18 f"{R){H^H + HH) - n'p,^ , 



-f{R}-{3H^ + H)r{R)~af{R) 



(4.4) 



where the Ricci scalar is given by i? = 6{2H^ + H) . Hence, by the equations (4.4), any cosmology may 
be reproduced for a given function f{R) . Nevertheless, in general it is very difficult to get an exact 
cosmological solution directly from (|4.4|). It is a very useful technique developed in |219l 1228] . where an 



auxiliary scalar field without kinetic term is introduced, then the action (4.1) is rewritten as follows: 

1 



S 



2^2 



d^xV^{P{<l>)R + Q{^)) 



(4.5) 



where the scalar field 4> has no kinetic term. By variation on the metric tensor 17^^ the field equation is 
obtained: 

{Pi^)R + Qm + P{4>)Rf.. + 9^..^P{<t>) ~ V^V,F(0) = K^T^™) . (4.6) 



The action (4.5) gives an additional equation for the scalar field , obtained directly from the action by 



varying it with respect to : 

P'(0)i? + Q'(0)-O, (4.7) 
here the primes denote derivatives respect </> . This equation may be resolved with the scalar field as a 



function of i? , (j) — 4>(R) , and then, replacing this result in the action (4.5), the action (4.1 1 is recovered, 

/(i?)=P(0(i?))i? + Q(0(i?)) . (4.8) 



Hence, any cosmological model could be solved by the field equation (4.6), and then by (4.7) and (4.8) the 



function /(i?) is obtained. For the metric (4.3), the Friedmann equations read: 

dP{<t>) 



3H 



d^P(6) dPU) , ■ „ , . , 

at^ dt 



(4.9) 
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We redefine the scalar field such that it is chosen to be the time coordinate = t . The perfect fiuid define 
by the energy-momentum tensor T^™'' may be seen as a sum of the different components (radiation, cold 
dark matter,..) which filled our Universe and whose equation of state (EoS) is given by Pm = WmPm , 
then by the energy momentum conservation /?,„ + 3i?(l + Wrn)pm = , it gives: 



Pmoexp -3(1 + w,n) / dtH{t) 



(4.10) 



Hence, taking into account the equations (4.9 1 and (4.10) the Hubble parameter may be calculated as a 



function of the scalar field (f) , H = g{(j)) . By combining the equations (4.9), the function Q(0) is deleted, 
and it yields: 



2^^^ - 2.g(<^)^^M + 45'(</))P(0) + (1 + u;,„) exp 



-3(l + w„0 / d(j)g{(j)) 



= 



(4.11) 



By resolving this equation for a given function P{(j)) , a cosmological solution H{t) is found, and the 
function Q{(j)) is obtained by means of the equation given by (4.9): 



Q(0) = -6(g(0))2p(0)-6g(0) 



dt 



(4.12) 



If we neglect the contribution of matter, then the equation (4.11 ) is a first order differential equation on 



g{(t)) , and it can be easily resolved. The solution found is the following: 



(4.13) 



where k is an integration constant. As an example to show this construction, let us choose the following 
function that, as it is shown below, reproduce late-time acceleration: 



P((/)) = , where a > 1 



Then, by the result (4.13), the following solution is found: 

W2 , a{a-l) 1 



5(0) = fc*/-" 



a + 2 



where k is an integration constant. By the expression (4.12), the function Q{(t)) is given by 



Q{<t>) = -6 



{k<t>f 



k 



a(2a + l)\ a^{a-l){2a + l) 



a + 2 



(a + 2)2 



The function (4.15) gives the following expression for the Hubble parameter: 

a{a —1)1 



Hit) = Jr 



a + 2 t 



(4.14) 



(4.15) 



(4.16) 



(4.17) 



This solution may reproduce a Universe that passes through two phases for a conveniently choice of a . 
For small times the Hubble and the acceleration parameter take the expressions: 



Hit) 



a 
a 



a{a — 1) 



1 - 



a{a - 1) 1 
a + 2 t ' 
a{a - 1)\ 1 

^2 ' 



(4.18) 
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where if 1 + \/3 < a < 2 , the Universe is in a decelerated epoch for small times, which may be interpreted 
as the radiation/matter dominated epochs. When t is large, the Hubble parameter takes the form: 

H{t) = /ct"/2 . (4.19) 

This clearly gives an accelerated expansion that coincides with the current expansion that Universe expe- 
riences nowadays. Finnally, the expression for /(i?) ( |4.8| is calculated by means of (4.141 and (4.16), and 
by the expression of the Ricci scalar R = 6(2(?^(</)) + g{(j) j) , which is used to get (j){R) ■ For simphcity, we 
study the case where a = 2 , which gives: 



' R-2k± ^/Ril~2k) 



(4.20) 



By inserting this expression into (4.141 and (4.16), the function f{R) is obtained 



. X r . , X , R-2k±jR(l - 2k) 
f{R) = [R- 6(fc(fc + 1) + 5/2)] ^— ^ '- + const . 



(4.21) 



Thus, with this expression for the function f{R) , the current cosmic acceleration is reproduced with the 
solution ( |4.17 1. In general, as it is seen in the following example, it is very difficult to reconstruct the 
function /(i?) for the whole expansion history, and even more difficult for the kind of models that unify 
inflation and cosmic acceleration, in this cases it is convenient to study the asymptotic behaviour of the 
model, and then by resolving the equations, the expression for / (i?) is obtained . 



As a second example, one could try to reconstruct the whole Universe history, from inflation to cosmic 
acceleration by the f(R)-gravity. In this case, we proceed in the inverse way than above, by suggesting a 
function g((/)) , and trying to reconstruct the expression f{R) by calculating P{(j)) and Q{4>) by means 
of equations (|4.9|). We study an example suggested in the above chapter, where: 



He, 



t, - 



(4.22) 



For this function the Hubble parameter takes the form H{t) — ^ + ■ To reconstruct the form of f{R) 
we have to resolve the equation (4.11). For simplicity we study the assimptotically behaviour of H{t) in 
such a way that allow us to resolve easily the equation ( 4.11[ ) for P(0) . Then, for small t {t « tg ), the 
Hubble and acceleration parameters read: 



Hit) 



Hi 
t^ 



a 
a 



Hi (Hi 
t^ \ t^ 



2Hi 

IT 



2Ho 

t.-t 



(4.23) 



As it is observed, for t close to zero, ^ > , so the Universe is in an accelerated epoch during some time, 
which may be interpreted as the inflation epoch, and for t>l/2 (t << tg), the Universe enters in a 



decelerated phase, interpreted as the radiation/matter dominated epoch. The equation (4.11) for P((^) , 
neglecting the matter component, is given by: 



d^P{(l)) _ Hi dP{(t)) 



(4.24) 



The solution of (4.24) is 



(4.25) 
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where k is an integration constant. The function Q{(j>) given by (4.12), takes the form: 



.Hi 



l2Qk 

-HI' 



(4.26) 



By using the expression for the Ricci scalar, the relation 0(i?) ^ (12iJ^/i?)^/^ is found, then, the function 
f{R) for small values of </> is approximately: 



f{R) 



24i7i 



-R' 



(4.27) 



Hence, by the expression (4.27) the early cosmological behaviour of the Universe (4.23), where a first 
accelerated epoch (inflation) occurs and after it, a decelerated phase comes (radiation/matter dominated 
epochs), is reproduced. Let us now investigate the large values for t [t close to the Rip time ts )■ In this 
case the Hubble and the acceleration parameters for the solution (4.22) take the form: 



5('^) 



ts - 



Hit) 



Hp 

t..-t 



and 



a HoiHo + 1) 



{ts-tr 



(4.28) 



As it is observed, for large t the solution (4.22) gives an accelerated epoch which enters in a phantom 
phase ( iJ > ) and ends in a Big Rip singularity at t — tg . In this case the equation for P{(l>) reads: 

(fP{(l)) Ho dP{(j)) 2Ho 



ts ~ (j> dcj) {ts - (f>) 



^P{ct>) = 



(4.29) 



The possible solutions of the equation (4.29) depend on the value of the constant Hp , as it follows: 



1. If Hq > 5 + 2-\/6 or Hq < 5 — 2a/6 , then the following solution for P{4>) is found: 



where a± 



p{<p) = A[ts - 0)"+ + B{ts - (j^r- 

Ho + l±^Ho{Ho + 10) + l 
2 



(4.30) 



Then, through the expression (4.12), the function Q(0) is calculated. In this case, for t close to 
ts , the Ricci scalar takes the form R = ^^°^'^^°^t^^ , and hence it takes large values, diverging at 
the Rip time t = ts ■ The function f{R) , for a large R , takes the form: 



2. If 5 - 2V6 < Ho <5 + 2^6 , the solution of ( |4.29| is given by 

P(0) = its - <P)-if^0 + l)/2 ^^og ( _ ^) 



-H§ + IQHo - 1 



(4.31) 



B sin it 



] In ■ 



-H'l + IQHo - 1 



(4.32) 



Then, for this choice of the constant Ho , and by means of the equation (4.8 ) the form of the function 
/(i?) is found: 



fiR) ^ i?(«<'+i)/4 



^cos(i^-/Mn^^i±|^) 



+5sinri?-V.i,zM±^^^ 



(4.33) 
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Hence, the expressions (4.311 and (4.33) for f(R) reproduce the behaviour of the Hubble parameter for 
large t given in (4.281, where a phantom accelerated epoch ocurrs, and the Universe ends in a Big Rip 
singularity for t = tg . As is shown, this model is reproduced by (4.27) for small t when the curvature R is 



large, and by (4.31 ) or (4.33) when t is large. For a proper choice of the power a , the solution for large t 



is given by (|4.3l|), which in combination with the solution (|4.27|) for small t , it looks like standard gravity 

f(.R) 



R for intermediate t 
(4.271, this takes a similar form than the model suggested in |219j . f{R) 



On the other hand, for negavite powers in (4.31 1 and in combination with 

i?^ + l/i? , which is known 



i?- 



that passes qualitatively most of the solar system tests. As this is an approximated form, it is reasonable 
to think that this model follows from some non-linear gravity of the sort Ref. |237j , which may behave as 
R? for large R . The stability of this kind of models (for a detailed discussion see Ref. [6] ) , whose solutions 
are given by (4.271 and (4.331, is studied in Ref. |228j . where the transition between epochs is well done. 



and then, the viable cosmological evolution may be reproduced by these models. The quantitative study 
of the transition between different cosmological epochs will be analyzed later. 



Suming up it has been shown that any cosmology may be reproduced by /(i?) -gravity by using an 
auxiliary scalar field and resolving the equations (4.11) and (4.12) to reconstruct such function of the 
Ricci scalar. To fix the free parameters in the theory, it would be convenient to contrast the model with 
the observational data as the supernova data by means of the evolution of the scale parameter which is 
obtained in the models shown above. 



4.2 F(R)-gravity and dark fluids 



In this section the mathematical equivalence between f(R) theories, that could reproduce a given cosmology 
as it was seen above, and the standard cosmology with a dark fluid included whose EoS has inhomogeneous 
terms that depend on the Hubble parameter and its derivatives, is investigated. Let us start with the 



modified Friedmann equations (4.4) written in the following form: 

'1 



-3H^ -2H = 



1 

1 

JW) 



-J{R)-duf{R)-Uf{R)yiH , 
ar{R)-^fiR)+Hdt.nR)]-H, 



(4.34) 



where we have neglected the contributions of any other kind of matter. If we compare Eqs. (4.34 1 with the 
standard Friedmann equations ( — n^p and —3H^ — 2H = K^p ), we may identify both right sides of 



Eqs. (4.34 1 with the energy and pressure densities of a perfect fluid, in such a way that they are given by: 

1 



1 



_ 1 



f{R) 
1 



f'iR) 



f{R)-dur{R)-nf{R)] -3H 



1 



nf'iR)--f{R) + Hdtf{R)]-H 



(4.35) 



Then, Eqs. (4.34) take the form of the usual Friedmann equations, where the parameter of the EoS for 



this dark fluid is defined by: 

p (□/'(i?) - i/(i?) + HdtfiR}) - H 

w = - = 

P j^{yiR)-dttf'{R)-anR))-3H 

And the corresponding EoS may be written as follows: 



P= -P 



AH 



f'iR) 



dttfiR) - 



H 

7W) 



dtf'iR) 



(4.36) 



(4.37) 
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The Ricci scalar is a function given hy R ~ 6{2H'^ + H) , then f{R) is a fun ction on the Hubble parameter 
H and its derivative H . The inhomogeneus EoS for this dark fluid (4.37) takes the form of the kind of 



dark fluids studying in several works (see [171 [53 [Z3 12^51 1229j ). and particularly the form of the EoS for 
dark fluids investigated in Chapter 3, which is written as follows: 



g{H,H,H.. 



p = —p + g{H,H, H...), where 
~ UH + dtt{\nf{R)) + {dt\nf{R)f-Hdt\nf{R) 



(4.38) 



Then, as constructed in Chapter 3, by combining the Fricdmann equations, it yields the following differ- 
ential equation: 



H 



-g{H,H,H...)=0 



(4.39) 



Hence, for a given cosmological model, the function g given in (4.38) may be seen as a function of cosmic 



time t , and then by the time-dependence of the Ricci scalar, the function g is rewritten in terms of R . 



Finnally, the function f{R) is recovered by the expression (4.38). In this sense, Eq. (4.39) combining 
with the expression ( |4.38 ) results in: 



dx{t) 
dt 



+ xltf - H{t)x{i) = Hit) 



(4.40) 



where x{t) 
parameter. 



^ d(lnf'{B.{t)) 

dt 

Hence, /(i?) -gravity is constructed from standard cosmology where a perfect fluid with an 



Eq. (4.40) is a type of Riccati equation, that may be solved by a given Hubble 



inhomogeneus EoS is included. To show this, let us consider a simple example: 



Hi 
t 



Hi, Ho > 



(4.41) 



This model describes a power-law solution, very comoon in cosmology as it can reproduces radiation/matter 
epochs as well as accelerating expansion. Then, by inserting (4.41) inb the differential equation ( 4.40| ), 
and after some calculations, the solution yields, 



fiR) - kIr' 



H 1+1 + ^1 + Hi(10 + Hi) 



+ A 



(4.42) 



where is a constant that depends on Hi while A is an integration constant. Then, by the function 



(4.42) the model (4.41) is reproduced. The analog dark fluid that reproduces this behaviour, may be 
found by inserting the function (4.42) in the EoS for the fluid given by (4.38). Then, it could be studied 



as an effective fluid with its evolution and compared with other models. However, note that for a general 
example, the non-linear equation (4.40) has to be resolved numerically, and just simple examples can 
be analytycally solved. Thus, as it is shown, f(R)-gravity may be written as dark fluids with particular 



dependence on the Hubble parameter and its derivatives through its EoS (4.38), so the same model may 
be interpretated in several ways. 



4.3 Discussions 



f(R)-gravity theories may provide an alternative description of the current accelerated epoch of our Uni- 
verse and even on the whole expansion history. As it is pointed in several works, one may construct this 
kind of theories in accordance with the local test of gravity and with the observational data, which provide 
that, at the current epoch, the effective parameter of the EoS is close to -1. The next step should be 
to compare the different cosmological tests, as the supernovae luminosity distance or the positions of the 
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CMB peaks, with the F(R) models. On the other hand, wc have shown two different ways of reconstruct 
the f(R)-gravity in the context of cosmology, in the first one, an auxiliary scalar field is used, and in 
the second one, the mathematical equivalence between f(R)-gravity and dark fluids with inhomogeneus 
EoS shows that while the expansion history of the Universe may be interpreted as a perfect fluid whose 
EoS has dependence on the cosmological evolution, this effect may be caused by the modification of the 
classical theory of gravity. However, there is not any complementary probe to distinguish between both 
descriptions of the evolution of the Universe, and thus, such kind of modified gravity is completly allowed. 
Hence, f(R)-gravity is an acceptable solution to the cosmological problem, that may provide new interest- 
ing constraints to look for. In the next chapters, the reproduction of A CDM model will be studied in the 
context of modified theories of gravity, and even transition to phantom epochs. 



Chapter 5 



Cosmological reconstruction of 
realistic F(R) gravities 



n the preceeding chapter, it was explored the reconstruction of cosmological solutions in F(R) gravity 
by means of auxiliary fields. It turns out that in most cases this reconstruction is done in the presence of 
the auxiliary scalar which may be excluded at the final step so that any FLRW cosmology may be realized 
within specific reconstructed F{R) gravity. However, the weak point of a so developed reconstruction 
scheme is that the final function F{R) represents usually some polynomial in positive/negative powers of 
scalar curvature. On the same time, the viable models have strongly non-linear structure. 

In the present chapter we develop the new scheme for cosmological reconstruction of F{R) gravity 
in terms of e-folding (or, redshift z) so that there is no need to use more complicated formulation with 
auxiliary scalar [THl [121 1201 IH31 IHSl 1233j . Using such technique the number of examples are presented 
where F{R) gravity is reconstructed so that it gives the well-known cosmological evolution: ACDMepoch, 
deceleration/acceleration epoch which is equivalent to presence of phantom and non-phantom matter, 
late-time acceleration with the crossing of phantom-divide line, transient phantom epoch and oscillating 
universe. It is shown that some generalization of such technique for viable F{R) gravity is possible, so 
that local tests are usually satisfied. In this way, modified gravity unifying inflation, radiation/matter 
dominance and dark energy eras may be further reconstructed in the early or in the late universe so that 
the future evolution may be different. This opens the way to non-linear reconstruction of realistic F{R) 
gravity. Moreover, it is demonstrated that cosmological reconstruction of viable modified gravity may help 
in the formulation of non-singular models in finite-time future. The reconstruction suggests the way to 
change some cosmological predictions of the theory in the past or in the future so that it becomes easier 
to pass the available observational data. Finally, we show that our method works also for modified gravity 
with scalar theory and any requested cosmology may be realized within such theory too. 



^This Chapter is based on the pubhcations: |126l 12421 
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5.1 Cosmological reconstruction of modified F{R) gravity 



From the starting action of F{R) gravity, the field equation corresponding to the first FLRW equation is: 



FiR) 



3 (^H^ + F'{R) - 18{(4:H^H + HH^ F"{R) + p 



(5.1) 



with R — 6H + V2H . We now rewrite Eq.(5.1 1 by using a new variable (which is often called e-folding) 



instead of the cosmological time t , N — In^ . The variable N is related with the redshift z by 



e-^^f = l + z. Since f,^H^ and therefore ^=H^-^+ H 



rdH d 



, one can rewrite (5.1 1 by 







F{R) 



3 (H^ + HH') F'{R) - 18( AH^H' + {H') + H^H" F" {R) + k> 



(5.2) 



Here H' = dH/dN and H" = d^H/dN^ . If the matter energy density p is given by a sum of the fluid 
densities with constant EoS parameter Wi , we find 



P 



3(1+Wi) 3{i+Wi)N 



(5.3) 



Let the Hubble rate is given in terms of N via the function g{N) as 

H = giN)^g{-h-i{l + z)) . (5.4) 
Then scalar curvature takes the form: R — 6g' {N)g{N) + 12g{N)'^ , which could be solved with respect 



to N as N = N{R) . Then by using (5.3) and (5.4), one can rewrite (5.2) as 



d^F{R) 



= -18[4giNiR)fg'{NiR))+g{NiR)fg'iN{R)f+giN{R)fg"{N{R))] 

+3 {g (TV {R) f + g' (TV (R)) (i?))) " ^ + E Aoao ^'^^""'e-^^^^-'^^^^ ,(5.5) 

i 

which constitutes a differential equation for F{R) , wh ere the variable is scalar curvature R . Instead of 



g , if we use G{N) = g (N) H , the expression (5.5) could be a little bit simplified 



-9G {N (R)) (4G' (iV (i?)) + G" {N (i?))) + Ug (N (R)) + ^G' (N {R))\ 



^ i- /^Pioa-o e 



w,)N{R) 



(5.6) 



Note that the scalar curvature is given by i? = 3G'{N) + 12G{N) . Hence, when we find F{R) satisfying 



the differential equation (5.51 or (5.6|, such F{R) theory admits the solution (5.4). Hence, such F{R) 
gravity realizes above cosmological solution. 



5.2 ACDM model in F(R) gravity 

Let us reconstruct the F{R) gravity which reproduces the A CDM-era. In the Einstein gravity, the FLRW 
equation for the A CDM cosmology is given by 

^H^ ^ + poa-' + poao . (5.7) 



5.2. A CDM MODEL IN F(R ) GRAVITY 
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Here Hq and po are constants. The first term in the r.h.s. corresponds to the cosmological constant and 
the second term to the cold dark matter (CDM). The (effective) cosmological constant A in the present 
universe is given by A = 3Hq . Then one gets 



G(iV) = + -p,a-e 



3„-3Af 



(5.8) 



and R = 3G"(iV) + 12G(iV) = 12H^ + K^poOo e~^^ , which can be solved with respect to N as follows, 



3 \^ K^poap J 
By considering the homogeneous part of Eq. (|5.6[) , it takes the following form: 



= 3 (i? - 9H^) (R - 12H^ 



(PR 



-R-m^ 



dF{R) 
dR 



-FiR) 



(5.9) 



(5.10) 



By changing the variable from i? to x by x = ^^772— 3 , Eq.(|5.10|) reduces to the hypergeometric differential 
equation: 



rf^ F dF 
= x(l - x)— + (7 - (a + /3 + 1) x) — - apF 
dx^ dx 



Here 



1 

6 ' 



Solution of (5.111 is given by Gauss' hypergeometric function i^(a, /3,7;x) : 

F{x) = AF{a, /?, 7; x) + Bx^'^F{a - 7 + 1, /3 - 7 + 1, 2 - 7; x) 



(5.11) 
(5.12) 

(5.13) 



Here A and B are constant. Thus, we demonstrated that modified F{R) gravity may describe the 
A CDM epoch without the need to introduce the effective cosmological constant. However, a deeper study 



out (5.9 1, it yields 



on the solution (5.131 is necessary. Let us write the scale factor a in terms of the Ricci scalar through 



a{R) = 



R-AA 



(1/3) 



(5.14) 



where A — 3Hq . In order to ensure the positivity of the scale factor, the Ricci scalar has to be restricted 



to i? > 4A . We can see that the equation (5.101 has two singular points at i? = 3A and i? = 4A . From 



the allowed range for the Ricci scalar, we have that one of the poles is o ut of the range while the other one 
is located at the boundary. Nevertheless, the argument of the solution (5.13), given by x = ^ — 3 , ensure 
the convergency of the solution when |x| < 1 , what restricts the value of the Ricci scalar to i? < 4A , 
otherwise the function is either divergent or complex valued. Them, in order to ensure a real and finite 
gravitational action, we have to choose the integration constants A = B — . Hence, we have to consider 



just the particular solution coming from the inhomogeneous part of the equation (5.7), which will depend 
on the kind of fluid presenced in the Universe. By considering dustlike matter (w — 0), and substituting 
in the Friedmann equation (5.7 1, we get the particular solution. 



F{R) = R-2A , 



(5.15) 



which is the well known action for General Relativity. Then, the only physical solution for a model trying 
to reproduce a Hubble parameter behaving as A CDM solution turns to be the Einstein-Hilbert action with 
positive cosmological constant. Nevertheless, other approximate A CDM solutions can be well reproduced 
in F{R) gravity as it is shown along the pesent work. 
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5.3 Reconstruction of approximate ACDM solutions 



As an another example, we reconstruct F(R) gravity reproducing the system with non-phantom matter 
and phantom matter in the Einstein gravity, whose FLRW equation is given by 



;H = Pqa 



PpC 



(5.16) 



Here pq , pp , and c arc positive constants. When a is small as in the early universe, the first term 
in the r.h.s. dominates and it behaves as the universe described by the Einstein gravity with a matter 
whose EoS parameter is w = —1 + c/3 > — 1 , that is, non-phantom like. On the other hand, when a 
is large as in the late universe, the second term dominates and behaves as a phantom-like matter with 

w 



-1 - c/3 < -1 . Then since G{N) = g (Ny = iJ^ we find 

,^2 



G = Gqe""^ 



Gpe' 



•N 



Gq = — Pgflo ' 



Then since R = 3G'(7V) + 12G{N) , 



when c 7^ 4 and 



cN 



R± -4(144 -9c2) 
2 (12 + 3c) 

„cN ^ 



24G„ 



(5.17) 



(5.18) 



(5.19) 



when c = 4 . In the following, just for simplicity, we consider c = 4 case. In the case, the non-phantom 



matter corresponding to the first term in the r.h.s. of (5.161 could be radiation with w — 1/3. Then 

(5.20) 



Eq.(5.6) in this case is given by 




^_ /24G„G 



R 



q ^ R\^d'F{R) 



24 



9 f 2AGpGq ^ R \ dF{R) F{R) 



R 



24 



dR 



By changing variable i? to a: by i?^ = ~576GpGqX , we can rewrite Eq.(5.20) as 





3 x\dF F 

4 4 j ~ 2" 



whose solutions are again given by Gauss' hypergeometric function (5.131 with 



7 



/3 + 1 = - 



1 



1 



(5.21) 



(5.22) 



Let us now study a model where the dominant component is phantom-like one. Such kind of system can 
be easily expressed in the standard General Relativity when a phantom fluid is considered, where the 
FLRW equation reads H^{t) = ^Pph , Here the subscript ph denotes the phantom nature of the fluid. 
As the EoS for the fluid is given by Pph = WphPph with < — 1 , by using the conservation equation 
Pph + 3i/(l + Wph)Pph = , the solution for the FLRW equation H^{t) — ^/Oph is well known, and it yields 
a{t) = ao{ts — t)~^" , where gq is a constant, Hq = — ^^i^^ ^-^ and ts is the so-called Rip time. Then, 
the solution describes the Universe that ends at the Big Rip singularity in the time ts ■ The same behavior 



can be achieved in F{R) theory with no need to introduce a phantom fluid. The equation (5.6 1 can be 
solved and the expression for the F{R) that reproduces the solution is reconstructed. The expression for 
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the Hubble parameter as a function of the number of e-folds is given by H'^{N) = Hle^^'"" . Then, the 
equation (5.6), with no matter contribution, takes the form: 



R 



.2d^F{R) , ^^dF{R) 



dR^ 



dR 



BF{R) = , 



(5.23) 



where A = -i/o(l 
solution yields 



Ha 



and B = (i+f^ 



This equation is the well known Euler equation whose 



F(R) = CiR"'+ + 6*2 i?" 



where 



m± = 



l-A±y/{A- 1)2 -4B 



(5.24) 



Thus, the phantom dark energy cosmology a{t) — ao(ts — t) 
F{R) theory and no phantom fluid is needed. 



can be also obtained in the frame of 



We can consider now the model where the transition to the phantom epoch occurs. It has been pointed 
out that F{R) could behave as an effective cosmological constant, such that its current observed value is 
well reproduced. One can reconstruct the model where late-time acceleration is reproduced by an effective 
cosmological constant and then the phantom barrier is crossed. Such transition, which may take place at 
current time, could be achieved in F{R) gravity. The solution considered can be expressed as: 



= Hi 



Hn = H,C 



niN 



Hn 



(5.25) 



where Hi , Hq and a are positive constants. This solution can be constructed in GR when a cosmological 
constant and a phantom fluid are included. In the present case, the solution ( 5.25 1 can be achieved just by 
an F{R) function, such that the transition from non-phantom to phantom epoch is reproduced. Scalar 
curvature can be written in terms of the number of e-folds again. Then, the equation (5.6) takes the form: 

6 



x{l - x)F"{x) + 



m 



6m 



1 

3m 



F'{x) 



-F{x) = 



(5.26) 



where x = -^Hoim+i) (l^^o — R) ■ The equation (5.261 reduces to the hypergeometric differential equation 
(5.131, so the solution is given, as in some of the examples studied above, by the Gauss' hypergeometric 



function (5.16), whose parameters for this case are given by 

3m + 2 



7 



1 

3m ' 



/3 = - 



2m 



aP = 



2m 



(5.27) 



and the obtained F{R) gravity produces the FLRW cosmology with the late-time crossing of the phantom 
barrier in the universe evolution. 

Another example with transient phantom behavior in F{R) gravity can be achieved by following the 
same reconstruction described above. In this case, we consider the following Hubble parameter: 



H^{N) 



Ho\n[ - 

ao 



Hi = HoN + Hi 



(5.28) 



where Hq and Hi are positive constants. For this model, we have a contribution of an effective cosmo- 
logical constant, and a term that will produce a superaccelerating phase although no future singularity 
will take place(compare with earlier model [T] with transient phantom era). The solution for the model 
(5.281 can be expressed as a function of time 



(5.29) 
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Then, the Universe is superaccelerating, but as it can be seen from (5.29), in spite of its phantom nature, 



no future singularity occurs. The differential reconstruction equation can be obtained as 

d'^F{x) . ^ .dF{x) , ^, , ^ 

a2X + {aix + bi) — ^ + bQF{x) = , 

dx dx 



(5.30) 



where we have performed a variable change x — HqN + Hi , and the constant parameters are 02 = Hq , 



ai = —Ho hi = — and bo = 2Ho ■ The equation (5.301 is a kind of the degenerate hypergeometric 



equation, whose solutions are given by the Kummers series K{a, 6; x) 

1 R-iHo 



F{R) = K [-2 



2Ho 



12 



(5.31) 



Hence, such F{R) gravity has cosmological solution with the transient phantom behavior which does not 
evolve to future singularity. 

Let us now consider the case where a future contracting Universe is reconstructed in this kind of models. 
We study a model where the universe is currently accelerating, then the future contraction of the Universe 
occurs. The following solution for the Hubble parameter is considered, 



H{t) = 2Hi{to-t) 



(5.32) 



where Hi and to are positive constants. For this example, the Hubble parameter (5.32 1 turns negative 



for t > to , when the Universe starts to contract itself, while for i ^ to , the cosmology is typically A CDM 
one. Using notations Ho = iHit^ and Hi = 4Hi and repeating the above calculation, one gets: 



F{R) = K ~8Hi,- 



Hi 12Ho -3Hi-R 
~8~' 12^^ 



(5.33) 



Hence, the oscillating cosmology (5.32) that describes the asymptotically contracting Universe with a 



current accelerated epoch can be found in specific F{R) gravity. 

Thus, we explicitly demonstrated that F{R) gravity reconstruction is possible for any cosmology under 
consideration without the need to introduce the auxiliary scalar. However, the obtained modified gravity 
has typically polynomial structure with terms which contain positive and negative powers of curvature 
as in the first such model unifying the early-time inflation and late-time acceleration [2191 1223| . As a 
rule such models do not pass all the local gravitational tests. Some generalization of above cosmological 
reconstruction is necessary. 



5.3.1 Cosmological solutions in f{R) gravity with the presence of an inhomo- 
geneous EoS fluid 

We consider now a Universe governed by some specific f{R) theory in the presence of a perfect fluid, 
whose equation of state is given by, 

p = w{a)p + C{a) , (5.34) 

where 'w{a) and ({a) are functions of the scale factor a , which could correspond to the dynamical 
behavior of the fluid and to its viscosity. Let us write the FLRW equations for f(R) as following, 

^f'- J(p' + P/(fl)) (5.35) 
2H + 3H^ = -{p'+Pf^n)), (5.36) 
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where p' — jtjj^ and p' = jtjj^ ■ The pressure and energy density with the subscript f{R) contains the 
terms corresponded to /(i?) and are defined as 



Pf(R) 



1 [Rf-f 



/' 



- iHRJ" 



PfiR) = jj [ R'f" + 2i/i?/" + Rf" +-{f- Rf) 



(5.37) 
(5.38) 



Then, by combining botli FLRW equations, and using the equation of state defined in (5.34), we can write 

C(a) = {w{a)pf(n) - pf^ji) - 2ij - 3(1 + w{a))H^) f{R{a)) . (5.39) 

As ({a) just depends on the Hubble parameter and its derivatives, for some specific solutions, any kind 
of cosmology can be reproduced. Let us consider the example, 



(5.40) 



where Gp and Gq are constants. We can check that in this solution, the first term in the r.h.s. corresponds 



to a fiuid with EoS Wp — — l+c/3 > — 1 , while the second term, it has an equation of state 



-l-d/3 < 



-1 , which corresponds to a phantom fluid. We could consider a viable f{R) fimction proposed in |237) . 
which is given by 



F{R) 



(5.41) 



l + jR' 

This function is known to pass the local gravity tests and could contribute to drive the Universe to an 
accelerated phase. Then, by introducing (5.40) and (5.41) in the expression for ^(a) in (5.391, we obtain 
the equation of state for the inhomogeneous fiuid that, together with f{R) , reproduces the solution (5.401, 
which for c = 3 and d > reproduces the A CDM model, and probably drives the Universe evolution 
into a phantom phase in the near future. 



5.4 Cosmological evolution of viable F{R) gravity 

In this section, we show how the cosmological reconstruction may be applied to viable modified gravity 
which passes the local gravitational tests. In this way, the non-linear structure of modified F{R) gravity 
may be accounted for, unlike the previous section where only polynomial F(R) structures may be recon- 
structed. Let us write F{R) in the following form: F{R) = Fq{R) + Fi{R) . Here we choose Fq{R) as a 
known function like that of GR or one of viable F{R) models introduced in [TOl [88l ri761 1196j . or viable 
F{R) theories unifying inflation with dark energy [10511234] . for example 

H ] . ,5.,,) 

/„ + /,{(R-R„)="" + <'+i}y 




Using the procedure similar to the one of second section, one gets the reconstruction equation corre- 
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sponding to (5.6) 



-9G {N (R)) (4G" (N {R)) + G" {N (R))) 
FoiR) 



dR^ 



3G{N{R)) + -G' {N{R)) 



dFojR) 
dR 



-9G (TV (R)) (4G" {N {R)) + G" {N (R))) 



d^FijR) 
dR^ 



■iG{N{R)) + -G' {N{R)) 



dFi{R) 



dR 



(5.43) 



The above equation can be regarded as a differential equation for Fi(i?}_^_For a given G{N) or g{N) 
( [5^ , if one can solve ([sjljas F{R) = F{R) we also find the solution of |5.43[ ) as Fi{R) = F{R)-Fo{R) . 
For example, for G{N) (5.8), by using (5.13), we find 



Fi{R) = AF{a,P,j;x)+Bx^-''F{a~-f + l,/3-j+l,2-r,x)~Fo{R) 



(5.44) 



Here a , /3 , 7 , and x are given by x 



3 and (5.12). Using Fq{R) (5.42) one has 



Fi{R) = AF{a, /?, 7; x)+Bx^~^F{a--i+l, ^-7+1, 2-7; x)--^ 



R- 



{R-R( 



x2n+l 



R, 



2n+l 



/o + /i{(i?-i?o)'"+Vi?g"+i} 

(5.45) 



which describes the asymptotically de Sitter universe. Instead of x = 7^ — 3 and (5.12), if we choose 

a, /3 , 7, and x a.s R"^ = —576GpGqX and in (5.22), Fi{R) (5.45) shows the asymptotically phantom 
universe behavior, where H diverges in future. 



One may start from Fq(R) given by hypergeometric function (5.13) with x 



3Ho{m+4) 



{l2Ho - R) 



and (5.27). In such a model, there occurs Big Rip s ingul arity. Let F{R) be F{R) again given by 
' ' ■ 



hypergeometric function (5.13) with x ~ — 3 and (|5.12|): 



F{R) = AF{a, /3, 7; i) + BS:^-'<Fia - 7 + 1, /3 - 7 + 1, 2 - 7; i) 



R 

Ml 



3, 7 = ,(5 + /3 = , aji ^ 



6 



(5.46) 



If we choose F{R) = F{R) , the A CDM model emerges. Then choosing Fi{R) = F{R) - Fo{R) , the Big 
Rip singularity, which occurs in Fq(R) model, does not appear and the universe becomes asymptotically 
de Sitter space. Hence, the reconstruction method suggests the way to create the non-singular modified 
gravity models [D [H US [201 [Z3 1123 UMl UMl HIS- Of course, it should be checked that reconstruction 
term is not large (or it affects only the very early-time/late-time universe) so that the theory passes the 
local tests as it was before the adding of correction term. 



Gauss' hypergeometric function F(a,l3,j;x) is defined by 

r(7) ^r{a + n)T{(3 + n) 



F{a,P,-/;x) 



E 



ria)Til3)^^ r(7 + n)n! 



Since 



'3m - 2 ± Vm2 - 20m + 4 



4±5 



(5.47) 
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when R is large, Fi{R) behaves as - ^(3m+2+Vm^-20m+4)/4m ^pj^^ ^^^^ ^^^^^ expression, 

since the total F{R) = Fo{R) + Fi{R) is given by F{R) (5.46), the Big Rip type singularity does not 
occur. The asymptotic behavior of Fi{R) cancels the large R behavior in Fq[R) suggesting the way to 
present the non-singular cosmological evolution. 



We now consider the case that H and therefore G oscillate as 

G{N) = Go + G, sinf^ 



(5.49) 



with positive constants Go , Gi , and Nq . Let the amplitude of the oscillation is small but the frequency 
is large: 

Go » §i , iVo » 1 . (5.50) 

When Gi = , we obtain de Sitter space, where the scalar curvature is a constant R = 12Go . Writing 
G{N) as 

G = I - Go , (5.51) 



by using (5.6), one arrives at general relativity: 

F{R) = Co (i? - 6Go) 



(5.52) 



Instead of (5.51 1, using an arbitrary function F , if we write 

G = Go + F(i?) - /'(12Go) , 



(5.53) 

we obtain a general F{R) gravity, which admits de Sitter space solution. When Gi 7^ , under the 
assumption (5.50), one may identify F{R) in (5.52) with Fo{R) . We now write G{N) and the scalar 

G{N) = ^-Go + ^9{N) , i? = l2Go + ^r(iV) , (5.54) 
6 Nq No 



curvature R as 



with adequate functions g(N) and r{N) . Then since R = 6g' {N)g(N) + 12g(iV)^ and from (5.50), we 
find 



N 1 N 
5(iV) = -(A^osin- + -cos- 



N N 
, r{N) = 4No sin ^ + cos — 

iVo JVo 



By assuming 



and identifying 



F{R) = Co i? - 6G0 



GI 

N§ 



fiR) 



FAR) = '^f{R) 



Ni 



from (5.43), one obtains 



which can be solved as 



= Go -, sm 

dr 



N 
No 



Gi 

No 



fiR) 



~- (cos V Tr-VT" 



(5.55) 

(5.56) 

(5.57) 

(5.58) 
(5.59) 



Then at least perturbatively, one can construct a model which exhibits the oscillation of H . 
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Before going further, let us find F{R) equivalent to the Einstein gravity with a perfect fluid with a 
constant EoS parameter w , where H behaves as 



;H' = poc 



-3{w+l) 



Then 



G{N) = ^e-3(-+i) , R{N) = (1 - 3w) K^poe-^^^+^^ 
3 



which could be solved as 



1 , ^ 

N = } r In 7 -^^ — 

3w + l il-3w)K^po 



Therefore Eq.(5.6l has the following form 




H^ + w) „2d^FiR) l + 3w „dF{R) F{R) 
R 



R- 



l-3w '~ dR^ 2{l-iw) 
whose solutions are given by a sum of powers of R 

F{R) = 

Here F± are constants of integration and n± are given by 



dR 



1 



7 + 9u; 
6(1 + 



± 



7 + 9ui 
6(1 + 



2(1 -3u;) 
3(1 + u; 



(5.60) 

(5.61) 
(5.62) 

(5.63) 
(5.64) 

(5.65) 



If w > — 1/3 , the universe is decelerating but if — 1<U'<— 1/3, the universe is accelerating as in the 
quintessence scenario. 



By using the solution (5.13), which mimics A CDM model, and the solution (5.64|, one may consider 
the following model: 



F{x) = {AF{a, (3, 7; x) + Bx^~^F{a - 7 + 1, /3 - 7 + 1, 2 - 7; x)} 



-F+R'^^+F^R" 



(5.66) 

Here Ri is a constant which is sufficiently small compared with the curvature Rq in the present universe. 
On the other hand, we choose a positive constant A to be large enough. We also choose F± to be small 

enough so that only the first term dominates when R^ Ri . Note that the factor ^ 



behaves as step function when A is large: 



lim 



9{R~Ri] 



1 when R> Ri 
when R < Ri 



(5.67) 



Then in the early universe and in the present universe, only the first term dominates and the A CDM 

a(JL-_i) 

universe could be reproduced. In the future universe where i? <C -Ri , the factor — t r \ ^ — rn — V 

creases very rapidly and the second terms in (5.66) dominate. Then if ui > — 1/3 , the universe decelerates 
again but if — l<u'<— 1/3, the universe will be accelerating as in the quintessence scenario. 

Thus, we explicitly demonstrated that the viable F{R) gravity may be reconstructed so that any 
requested cosmology may be realized after the reconstruction. Moreover, one can use the viable F{R) 
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gravity unifying the carly-timc inflation with latc-timc acceleration (and manifesting the radiation/matter 
dominance era between accelerations) and passing local tests in such a scheme. The (small) correction 
term Fi{R) can be always constructed so that it slightly corrects (if necessary) the cosmological bounds 
being relevant only at the very carly/latc universe. This scenario opens the way to extremely realistic 
description of the universe evolution in F{R) gravity consistent with local tests and cosmological bounds. 



5.5 Discussion 



In summary, we developed a general scheme for cosmological reconstruction of modified F{R) gravity 
in terms of e-folding (or redshift) without use of auxiliary scalar in intermediate calculations. Using 
this method, it is possible to construct the specific modified gravity which contains any requested FLRW 
cosmology. The number of F[R) gravity examples is found where the following background evolution may 
be realized: A CDM epoch, deceleration with subsequent transition to effective phantom superacceleration 
leading to Big Rip singularity, deceleration with transition to transient phantom phase without future 
singularity, oscillating universe. It is important that all these cosmologies may be realized only by modified 
gravity without use of any dark components (cosmological constant, phantom, quintessence, etc). In 
particular we find that the only real valued gravitational action that reproduces an exact A CDM expansion 
is the Hilbert- Einstein action with a positive cosmological constant. However, it has also shown that 
approximate solutions that mimic A CDM model at the current time, can well be reproduced in terms of 
a F{R) function. 

It is also shown that our method may be applied to viable F{R) gravities which pass local tests and 
unify the early-time inflation with late-time acceleration. In this case, the additional reconstruction may 
be made so that correction term is not large and it is relevant only in the very early/very late universe. 
Hence, the purpose of such additional reconstruction is only to improve the cosmological predictions if the 
original theory does not pass correctly the precise observational cosmological bounds. For instance, in this 
way it is possible to formulate the modifled gravity without finite-time future singularity. 

The present reconstruction formulation shows that even if specific realistic modified gravity does not 
pass correctly some cosmological bounds (for instance, does not lead to correct cosmological perturbations 
structure) it may be improved with eventually desirable result. Hence, the successful development of such 
method adds very strong argument in favour of unified gravitational alternative for infiation, dark energy 
and dark matter. 
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Chapter 6 



Viable F(R) cosmology and the 
presence of phantom fluids 

ur first aim in this chapter will be to build a reliable cosmological model by using, as starting point, 
modified gravity theories of the family of the so-called F{R) theories which comprise the class of viable 
models, e.g., those having an F{R) function such that the theory can pass all known local gravity tests 
(see [inilHHllinaiiniinilMlllMlllSSlllSZll^ next section, we will investigate 

cosmological evolution as coming from F{R) gravity. We will consider, for F{R) , some candidates to 
produce inflation and cosmic acceleration in a unified fashion. In particular, we investigate in detail the 
behavior of F{R) gravity as the contribution of a perfect fluid. As a crucial novelty, an additional matter 
fluid will be included which may play, as we shall see, quite an important cosmological role. In fact, it 
may decisively contribute to the two accelerated epochs of the Universe, what is to say that we will study 
a model where dark energy consists of two separate contributions. The possibilities to obtain precision 
cosmology are enhanced in this way. 

Two main cases will be discussed: F{R) cosmology with a constant equation of state (EoS) fluid, and 
F{R) cosmology in the presence of a phantom fluid. In the last case, a couple of specific example will be 
worked through in detail, namely one with a phantom fluid with constant EoS and, as a second example, 
a fluid with dynamical EoS of the type proposed in Chapter 3. 

As it is well known, F{R) gravity can be written in terms of a scalar field — quintessence or phantom 
like — by redefining the function F{R) with the use of a scalar field, and then performing a conformal 
transformation, what yields to the so-called Einstein frame. It has been shown that, in general, for any 
given F{R) the corresponding scalar-tensor theory can, in principle, be obtained, although the solution 
is going to be very different from one case to another. Also attention will be paid to the reconstruction of 
F{R) gravity from a given scalar-tensor theory. It is known [HD] that the phantom case in scalar-tensor 
theory does not exist, in general, when starting from F{R) gravity. In fact, the conformal transformation 
becomes complex when the phantom barrier is crossed, and therefore the resulting F{R) function becomes 
complex. We will see that, to avoid this hindrance, a dark fluid can be used in order to produce the phantom 
behavior in such a way that the F(R) function reconstructed from the scalar-tensor theory continues to 
be real. We will prove, in an explicit manner, that an F{R) theory can indeed be constructed from a 
phantom model in a scalar-tensor theory, but where the scalar field does not behave as a phantom field (in 
which case the action for F{R) would be complex). Moreover, we will explicitly show that very interesting 

^This Chapter is based on: | 138l . 
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and quite simple F(R) models crossing the phantom divide can be constructed. 



6.1 Viable F(R) gravities 



Our first aim in this chapter will be to construct reliable cosmological models by using, as starting point, 
modified gravity theories of the family of the so-called F{R) theories which comprise the class of viable 
models, e.g., those having an F{R) function such that the theory can pass all known local gravity tests. 
We now consider the action corresponding to one of these theories which, aside from the gravity part, also 
contains a matter contribution, namely 



1 



(i? + F(i?)) + L,„ 



(6.1) 



Here — SttG , and L„i stands for the Lagrangian corresponding to matter of some kind. Note that 



the first term in (6.1 1 is just the usual Hilbert-Einstein action, and the F{R) term can be considered, as 
it was shown in Chapter 4, as the dynamical part of some kind of perfect fluid, which may constitute an 



equivalent to the so-called dark fluids. The field equations corresponding to action (6.1) are obtained by 
variation of this action with respect to the metric tensor y^j, , what yields 



- gf,,UF'{R) - \/,,\/,F'{R) - k^T^ 



(6.2) 



Here the primes denote derivatives with respect to R . We assume a flat FLRW metric, then the Friedmann 
equations are obtained as the 00 and the ij components. They take the form 



3{H^ + H)F'{R:} - 18F"{R}{H^H + HH) , 



-3i/^ -2H ^ K^p,n + 7:F{R) - {3H^ + H)F'{R) - OF^R) - HF"{R)R 



(6.3) 



where H{t) = a/a . Note that both equations are written in such a way that the F{R) -terms are put on 
the matter side; thus we may define an energy density and a pressure density for these F{R) -terms, as 
follows 

\f{R) + 3(ij2 + H)F'{R) - 18F"{R){H^H 



Pf(r) 



HH) 



1 



H)F\R) - UF'{R) - HF"{R)R . (6.4) 
Then, the Friedmann equations (|6.3[) take a simple form, with two fluids contributing to the scale factor 



dynamics. From the energy and pressure densities deflned in (6.4), one can obtain the EoS for the dark 



fluid, defined in terms of the F{R) components. This is written as 

lF{R) - (3772 _^ H)F'{R) - UF'{R) 



Wf(R) 



HF"{R)R 



~^F{R) + 3(i/2 + H)F'{R) + UF'{R) - VoV'^F'{R) 
PFiR) - -PFiR) + 2HF'{R) - VoV"7^'(i?) - HF"{R)R . 



(6.5) 



The EoS, Eq. (6.5 1, defines a fiuid that depends on the Hubble parameters and its derivatives, so it may be 
considered as a fluid with inhomogeneous EoS (see |81|V In absence of any kind of matter, the dynamics 
of the Universe are carried out by the F{R) -component, which may be chosen so that it reproduces (or 
at least contributes) to the early inflation and late-time acceleration epochs. In order to avoid serious 
problems with known physics, one has to choose the F{R) function in order that the theory contains 
flat solutions and passes also the local gravity tests. To reproduce the whole history of the Universe, the 
following conditions on the F{R) function have been proposed (see [2341 12371, 1235) ): 
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) Inflation occurs under one of the following conditions: 



or 



lim F(R) 



lim F{R) 

R^oo 



(6.6) 



(6.7) 



In the first situation (6.61, the F{R) function behaves as an effective cosmological constant at early 



times, while the second condition yields accelerated expansion where the scale factor behaves as 
a{t) ~ i2"/3 _ 

ii ) In order to reproduce late-time acceleration, we can impose on function F{R) a condition similar 
to the one above. In this case the Ricci scalar has a finite value, which is assumed to be the current 
one, so that the condition is expressed as 



F{Ro) = ^2Ro F'{Ro)^0 



(6.8) 



Hence, under these circumstances, the F{R) term is able to reproduce the two different accelerated epochs 
of the universe history. An interesting example that satisfies these conditions has been proposed in Ref. 

m- 



2k2 



This model is studied in detail in Ref. jl09| . where it is proven that the corresponding Universe solution 
goes, in its evolution, through two different De Sitter points, being one of them stable and the other 
unstable and which can be identified as corresponding to the current accelerated era and to the inflationary 
epoch, respectively. Thus, the model (6.9) is able to reproduce both accelerated epochs when the free 
parameters are conveniently chosen — as was done in Ref. [109J — in such way that the the F(R) theory in 



(6.9) produces two de Sitter epochs and grateful exit from the inflationary stage is achieved. In the same 



way, from a similar example given in Ref. [ 237j . we can consider the function 



F{R)^ 



R'^iaR'' -13) 
l + 7i?" 



(6.10) 



This function, represented in Fig. 6.1 gives rise to inflation at the early stages of the Universe, assuming 



the condition (6.7) holds, while for the current epoch it behaves as an effective cosmological constant. This 



is explicitly seen in Fig. 6.1 where function (6.10) is represented for the specific power n = 2 



Function (6.10) leads, at the current epoch, to a perfect-fiuid behavior with an EoS given by pf{r} ^ 
~PF{Ft) ■ In the next section such kind of F{R) functions will be considered, with the inclusion of a matter 



Lagrangian in the action (6.1), and the corresponding cosmological evolution will be studied. We will see 



that both inflation and the current acceleration can indeed be produced by the F{R) fluid, provided other 
components are allowed to contribute too. 



6.2 Cosmological evolution from viable F{R) gravity with a fluid 



In this section we will discuss cosmological evolution as coming from F{R) -gravity. We consider the 
function F{R) as given by (6.10). Functions of this kind have been shown to yield viable models which 



comply with all known local gravity tests (see, e.g., |235| ). and they are good candidates to produce inflation 
and cosmic acceleration in a unifled fashion. We will study in detail the behavior of F{R) -gravity, by 
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Figure 6.1: The function F{R) as given by (6.10) for n = 2 . 
F{R) behaves as a cosmological constant while for i? — > oo 



We see that at the current epoch {R^ Ro), 
(inflation) its values grow as a power law. 



considering it as the contribution of a perfect fluid in the way already explained in the preceding section. 
As a crucial novelty, an additional matter fluid will be here incorporated, which may play, as we shall 
see, an important cosmological role. It may decisively contribute to the two accelerated epochs of the 
Universe, what is to say that we study a model where dark energy consists of two separate contributions. 
Some examples of phantom evolution will be then discussed, in which the F{R) contribution acts as a 
cosmological constant and the additional fluid behaves as a phantom field, what opens again interesting 
new venues. 



6.2.1 F{R) cosmology with a constant EoS fluid p„ 



^mPn 



We consider a Universe governed by action (6.1 1, where the F{R) function is given by ( |6.10 1. The matter 
term is represented by a perfect fluid, whose equation of state is Pm = Wmpm (where Wm = cons.) In 
this case, by considering this F(R) term as a perfect fluid — with energy and pressure densities given by 
(6.4) — the Friedmann equations reduce to Eqs. (6.3). For simplicity, we will study the case where n = 2; 



then, the function F{R) of our specific model reads (the study can be extended to other values of n 
without much problem) 

i?2(ai?2 -/3) 
1 + 7i?2 ■ 

First of all, let us explain qualitatively what the aim of this model is. For simplicity, we neglect the 
contribution of matter, so the first Friedmann equation yields 



FiR) 



.11) 



R^{aR^-p) 
' 2(l+7i?2) 



(l+7i?')' 



18F'\R){H^H + HH) 



2a^'^R^ + 20a7i?4 + 6(/37 - a)R^ - 2(3 



(1+7^?')' 



where R = 6{2H^ + H) . It can be rewritten as a dynamical system (see Ref. |109p : 

H = C., C = Fi{H,C), 



(6.12) 



.13) 



and it can be shown that its critical points arc those which give a constant Hubble rate (H — 0), i.e., the 
points that yield a de Sitter solution of the Friedmann equations. We can now investigate the existence of 
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(6.121 



these points for the model (6.11) by mtroducing the critical points H = Hq in the Friedmann equation 

i?2 (aR^ -13) 2 'iRiajR^ - 2aR^ - /3) 



2(l+7i?2) " (1+^^2)2 

To simplify, it can be rewritten in terms of the Ricci scalar Rq = 12Hq , what yields 



7 



7 



\Ro 



. 



(6.14) 



(6.15) 



This can be solved, so that the viable de Sitter points (positive roots) are found explicitly. A very simple 



study of Eq. (6.15), by using Descartes' rule of signs, leads to the conclusion that Eq. (6.15) can have 



either two or no positive roots. As shown below, one of these roots is identified as an effective cosmological 
constant that produces the current accelerated expansion of the Universe, while the second root can 
produce the inflationary epoch under some initial conditions. Then, the model described by the function 
(6.11) is able to unify the expansion history of the Universe. In order to get a grateful exit from the 



inflationary epoch, stability in the vicinity of the critical points needs to be studied: the corresponding de 
Sitter point during inflation must be unstable. This can be achieved, as is already known for the function 
(6.9), by choosing specific values of the free parameters. Even in the case of stable dS inflation, exit from 



it can be achieved by coupling it with matter, by the effect of a small non-local term (or by some other 
mechanism) . 

Let us now study the details of this same model at the current epoch, when it is assumed that F(R) 
produces the cosmic acceleration and where the matter component is taken into account. Function (6.11 ) 
is depicted in Fig. |6.1[ its minimum is attained at R — Rq , which is assumed to be the current value of 
the Ricci scalar. Further, F{R) as given by (6.11) behaves as a cosmological constant at present time. 



Imposing the condition P'y/a » 1 on the otherwise free parameters, the values of Rq and F(i?o) are 
then given by |237) 



1/4 



F'iRo) = , F{Ro) 



-2Ro 



7 



(6.16) 



For simplicity, we sha ll study the cosmological evolution around the present value of the Ricci scalar, 
R = Rq , where (6.11) can be expressed as F{R) = -2Ro + fo{R - Rq)^ + 0{{R- Rq)^) , the solution 
for the Friedmann equations (6.3) can be written as H{t) = HQ[t) - 
is the same as in the case of a cosmological constant, namely 



5H , where at zero order the solution 



H{t) 



coth 




3.17) 



As pointed out in Ref. [237] . the perturbations 5H around the current point R = Rq may be neglected. 
Therefore, we can study the evolution of the energy density (6.4) for the F{R) term as the EoS parameter 



defined by (6.5) around the minimum of the F(R) function, which is assumed to be the present value of 



the Ricci scalar. For such purposes, it is useful to rewrite the Hubble function (6.17) as a function of the 
redshift z , instead of t . The relation between both variables can be expressed as 



a 



A sinh 



(6.18) 



where Qq is taken as the current value of the scale parameter, and A^ = Pom^Q , being pom the 

current value of the energy density of the matter contribution. Hence, the Hubble parameter (6.17) is 
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expressed as a function of the redshift z , as 



H'iz) 



i?o 

T 



(6.19) 



Thus, the model characterized by the action (6.1 ) with the function (6.11 1 and a matter fluid with constant 



EoS, depends on the free parameters ( a, /3, 7 ) contained in the expression of F{R) and also on the value 
of the EoS parameter ( wm )• When imposing the minimum value for the function F{R) to take place 
at present time {z = ), the free parameters can be adjusted with the observable data. Then we study 
the behavior of our model close to z = , where the contributions of non-linear terms produced by the 
function (6.11 1 are assumed not to modify the solution (6.19). In spite of the Hubble parameter being 



unmodified, for z close to zero, the energy density Pf{r) will in no way remain constant for small values 
of the redshift. To study the behavior of the F{R) energy density given by ( 6.4 1 it is convenient to express 
it as the cosmological parameter, r2F(_R) = ^h^z) ' which can be written as 



F{R} 



(^) 



m) 

6H^(z) 



Hjz) 

m{z) 



F'(R) - 18F"{R) 



H{z) 



Hjz) 
H{z) 



.20) 



where the Ricci scalar is given by i? = 6[2iJ (z) + H{z)\ . This expression (6.20) can be studied as 
a function of the redshift. As we are considering the solution (6.19), which has been calculated near 
2 = 0, where the F{R) function has a minimum, the second term in the expression (6.20) is negligible 
as compared with the other two terms {F" {Rq)Rq/ F' {Rq) ~ yj jS^/a » 1 ). This aproximation, as the 



solution (6.19), is valid for values of the Ricci scalar close to Rq , where the higher derivatives of F{R) 
are small compared with the function. The aproximation is no longer valid when the F(R) derivatives are 
comparable with F(R). Then, as discussed above, the free parameters of the model can be fitted by the 
current observational values of the cosmological parameters, and by fixing the minimum of F{R) to occur 
for z - . 

We shall use the value for the Hubble parameter Hq — 100 ft km s~ ^ M pc~^ with h — 0.71 ± 0.03 
and the matter density fjj'^ = 0.27 ± 0.04 given in Ref. [283]. In Fig. [6^ the evolution of the F{R) 



energy density (6.20) is represented for the model described by (6.11), where the matter content is taken 
to be pressureless {wm = 0). The cosmological evolution shown corresponds to redshifts from z = 1.8 
to z — . For redshifts larger than z ~ 1.8 perturbations around the solution (6.17) are non-negligible. 



and the expression for the Hubble parameter (6.17) is no more valid. However, in spite of the fact that 



the evolution shown in Fig. 6.2 is not a complete picture of the F{R) model given by (6.11), it still 
provides an illustrative example to compare it to the standard KCDM model, which is also represented 
in Fig. |6.2[ around the present time. As shown in Fig. |6.2[ both models have two common points for 
z = and z = 1.74 , while the behavior of each model between such points is completely different from 



one another. This result shows the possible differences between F{R) models of the type (6.10) and the 



KCDM model, although probably other viable models for F{R) gravity may give a different adjustment 
to the KCDM model. Furthermore, the effective EoS parameter for the F{R) fluid, wpi^n-) , given by the 
expression (6.5), is plotted in Fig. 



6.3 



again as a function of redshift. It is shown there that Wp(^j^^ is close 
to —1 for z — , where the F{R) fluid behaves like an effective cosmological constant, while it grows for 
redshifts up to z — 1.5 , where it reaches a zero value. According to the analysis of observational dataset 
from Supernovae (see Ref. [195]), the results obtained for the evolution of the EoS parameter, represented 
in Fig. |6.3[ are allowed by the observations. 



As a consequence, the F{R) model given by (6.11), and where the F{R) fluid behaves as an effective 



cosmological constant, is able indeed to reproduce the same behavior at present time as the KCDM 



model. On the other hand, as was pointed out in the section above, the F{R) model given by (6.11) also 
reproduces the accelerated expansion of the inflation epoch, so that the next natural step to undertake 
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Figure 6.2: Evolution of the cosmological parameter from dark energy versus redshift, such for F{R) 
theory as for KCDM model. 



with this kind of models should be to study their complete cosmological histories, and the explicit details 
allowing for a grateful exit from inflation, what should demonstrate their true potential. Also note that, 
in order to obtain a realistic well behaved model, further analysis should be carried out, as the comparison 
with the luminosity distance from Supernovae, or the data from CMB surveys, although this is a major 
task, that will be left for future work. Furthermore, F{R) functions of this kind might even lead to a 
solution of the cosmological constant problem, by involving a relaxation mechanism of the cosmological 
constant, as was proposed in Ref. |296j . The effective cosmological constant obtained could eventually 
adjust to the observable value. This will also require a deeper investigation. 



6.2.2 F{R) cosmology in presence of a phantom fluid 

According to several analysis of observational data (see [2561 1179j ). the effective EoS parameter of the 
physical theory that governs our Universe should quite probably be less than —1 , what means that we 
should be ready to cope with phantom behavior. This possibility has been explored in F{R) theory 
|60j . where the possibility to construct an F{R) function that reproduces this kind of behavior has been 
demonstrated, and where the possible future singularities envisaged, as the Big Rip, so common in phantom 
models, do take place. In Chapter 4, an example with phantom behavior that ends in a Big Rip singularity 
was shown, as well as another phantom model that avoids future singularities. In this last example, the 
universe has a phantom behavior at large time but there is no Big Rip singularity. However, the main 
problem of those models is that the corresponding F{R} function is not well constrained at small scales. 

We will now study the behavior of the cosmological evolution when a phantom fluid is introduced that 
contributes to the accelerated expansion. A phantom fluid can be described, in an effective way, by an 
EoS Pph = WphPph , where Wph < — 1 . This EoS can be achieved, for example, with a negative kinetic 
term or in the context of scalar-tensor theory. The microphysical study of this kind of fluids is a problem 
of fundamental physics that has been studied in several works (see for example [7D1 [55] ) , as it is also the 
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Figure 6.3: Effective EoS parameter 
grows for higher redshifts. 



versus redshift. It takes values close to —1 for z = , and it 



study of stability of the solutions. But it is not the aim for this chapter to discuss, in this depth, the 
features of phantom fields, and it will suffice for our purpose to consider the effective EoS that describes 



a phantom fiuid. The F{R) function we will consider is the same as above, given by (6.10), which will 



contribute as an effective cosmological constant at present time. The motivation for this case study comes, 
as will be further explored, from the difficulty one encounters in constructing viable F(R) functions which 
produce phantom epochs, and this problem has a translation in the scalar-tensor picture in the Einstein 
frame too. As recent observational data suggest (see [1791 1256] ). the effective EoS parameter for dark 
energy is around —1 , so that the phantom case is allowed (and even still favored) by recent, accurate, 
and extensive observations. 



Example 1. First, we consider a phantom fluid with constant EoS, e.g., Pph = WphPph , where Wpu < — 1 



is a constant. As in the case above, the F{R) function will be given by (6.111, and it will be assumed 
that its current value is attained at the minimum Rq = (jS/a^)^^'^ . We here neglect other contributions, 
as the dust term studied previously. Friedmann equations take the form 



H' 



-Pph 



Ro 

T 



H 



-Pph{i + Wph) 



•21) 



An expanding solution (note that a contracting solution can be obtained from the above equations too) 
for these equations is given by 



H{t)^ 



2\l + wph\{ts 




(6.22) 



where is called the Rip time, that means the instant where a future Big Rip singularity will take 



place. Although for t much bigger than the present time, the solution (6.22) is not valid anymore — 
because perturbations, due to the derivatives of the function F[R) , become large — and as the Ricci scalar 
R = 6{2H'^ + H) grows with time, this model will behave as F{R) ^ i?,^ for large times, which is known 
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to produce accelerated expansion, and whose behavior is described by 



Hit) (X ^ , (6.23) 



where ho = ■ And the effective EoS parameter for large time is 



weff = -1 - ^ • (6-24) 



That is to say, the universe will go through a super-accelerated expansion stage due to the phantom 
fluid and to the contribution coming from F{R) , until it reaches the Big Rip singularity. In this case 
where no other contribution, as dust matter or radiation, is taken into account, late-time acceleration 
comes from the phantom behavior when the dark fluid component dominates, while the Universe behaves 
as dark energy when the F{R) term is the dominant one (as was in absence of this phantom fluid). 
In other words, the universe would not accelerate as a phantom one alone, but it will as a dark energy 
fluid with Weff > — 1 • This is a fundamental point: the additional dark fluid is essential for a universe 



described by the F{R) function given in (6.111 to display a phantom transition. 

We can study the evolution of this phantom fluid by using the continuity equation: 

Pph + 'SHpph{l + Wph) = , (6.25) 



which can be solved, at the present time, when the Hubble parameter is expressed by Eq. (6.22). Then, 
the following solution is obtained 



gll+WphlV 3-Rot 

Pph = Poph ' (^-26) 

where poph is an integration constant. As we can see, the energy density for the phantom fluid grows with 
time until the Rip value is reached where the energy density becomes infinite. On the other hand, the 
evolution of the F(R) term may be studied qualitatively by observing the expression given for the energy 



density of this fluid in (6.4), so that this evolution is similar to the one in the above case. That is, as the 
value of the Ricci scalar increases with time, it is natural to suppose that, in the past, the energy density 
belonging to F{R) had smaller values than at present, so that the matter dominated epoch could occur 
when the F{R) fluid and the phantom fluid were much less important than they are now. Again, for 
this kind of model the F{R) contribution amounts currently to an effective cosmological constant which 
drives the universe's acceleration. 



Example 2. As a second example of a phantom fluid, we consider one with a dynamical EoS of the type 
proposed in Chapter 3. Here, a dark fluid is present which has an inhomogeneous EoS that may depend 
on the proper evolution of the Universe. This kind of EoS can be derived from the dynamics of an scalar 
field with some characteristic potential and a variable kinetic term, or either it may be seen as the effective 
EoS corresponding to the addition of various components that fill up our Universe. An EoS of this kind 
can be written as 

Pph = wpph + g{H, H, H...;t) , (6.27) 

where w is a constant and g an arbitrary function. The interesting point is that it is possible to specify 
a function g so that a complete solution of the Friedmann equations is obtained. In this case, our aim is 
to study a fluid that at present (or in the near future) can behave as phantom; to that purpose we choose 
w — —1 , and the role of the g function will be to determine when exactly the phantom barrier is crossed. 
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Thus, our model will be described by the phantom fluid in (6.271 and the function F{R) of (6.11 ), while 
the matter component can be neglected. As an example, the EoS for the dark fluid is given by 



Pph 



-Pph 



^h'{t)+pF{R) + Pf{r) 



(6.28) 



where the prime denotes derivative with respect to time, and Pf{K ) ^^nd Pf(r) are the energy densities 
defined in (6.4). As it is shown, through the EoS defined in (6.28), the dark fluid will contribute to the 



acceleration of the Universe as a dark energy, and subsequently as a phantom fluid when it crosses the 
barrier Wph < — 1 . We thus see that in this model accelerated expansion comes from two contributions. 



the F{R) term (6.11) and the dark fluid one (6.281, so that the accelerated expansion stage could cross 



the phantom barrier if the dark fluid dominates and contributes as a phantom one. The difference with 
respect to the former model is that in the present case the dark fluid changes its behavior in the course 



of the expansion history (this will be seen again in an example below). As the EoS given in (6.281 can 



be rewritten in terms of the Ricci scalar R , it can be seen as additional terms to our F(R) function, in 
order to get the transition to the phantom epoch in the context of F(R) gravity. With the EoS (6.28), the 
Friedmann equations can be solved, the following solution being found 



H{t) ^ h(t) 



.29) 



Different solutions can be constructed by specifying the function h{t) . We are here interested in those 
solutions that give rise to a phantom epoch; for those cases the following splitting of the Hubble parameter 
is relevant 

m = + , (6.30) 



t 



ts-t 



where H^ , Hi and tg (Rip time) are positive constants. This function describes a Universe that 
starts in a singularity, at i = — which may be identified with the Big Bang one — then evolves to a matter 
dominated epoch, after which an accelerated epoch starts which is dominated by an effective cosmological 
constant and, finally, the Universe enters into a phantom epoch that will end in a Big Rip singularity. 



As in the cases above, the condition (6.16) remains, that is F'{Ra) = 0, where Rq is the present value 
of the Ricci scalar. Fig. |6.4| is an illustration of how this model works: we see there that the Universe 
goes through a decelerated epoch until it enters a region where the evolution of its expansion has constant 
Hubble parameter and the F{R) term behaves as an effective cosmological constant. Finally, at tph the 
Universe enters into a super- accelerated phase which is dominated by the dark fluid of Eq. (6.28), until it 
eventually reaches the Big Rip singularity at t = tg . The aim of this model is that the crossing phantom 
barrier takes place very softly, as it is seen in Fig. |6.4| due to the two contributions to the acceleration of 
the Universe expansion. Alternatively, the evolution of the EoS parameter for the dark fluid (6.28) can be 
written as 

Wph = -1 - 



'Pf(R) + Pf(R) 

^h\t)-pFiR) 



.31) 



and we may look at its asymptotic behavior, 

< t << 



For 



FovtQ,tph «t <ts 



Wph 



For t - tn 



Wph 



-1 



Wph 



2{Ho 
3(3- 

- -1 - 



+ 4) 
2Hi) 



Hi 



-18 



(6.32) 



We thus see that, at the starting stages of the Universe, the dark fluid contributes to the deceleration 
of its expansion. For t close to the present time, tg , it works as a contribution to an effective cosmological 
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Figure 6.4: The first derivative of the Hubble parameter is shown here to illustrate the different epochs 
of the Universe evolution (full curve). Also, the first derivative of the F{R) term with respect to R 
is represented as a function of time (dotted curve); the constant Hubble parameter region is given by 
a constant F{R) , which plays the role of an effective cosmological constant. Starting at t = tph , the 
Universe enters into a phantom region dominated by the dark fluid, which ends at t = ts when the Big 
Rip singularity takes over. 



constant and, after t = tph , it gives rise to the transition to a phantom era of the cosmos, which could 
actually be taking place nowadays at some regions of it. Our hope is that it could even be observable with 
specific measurements. Finally, for t close to the Rip time, the Universe becomes completely dominated 
by the dark fluid, whose EoS is phantom at that time. This model, which is able to accurately reproduce 
the dark energy period, may still be modified in such a way that the epoch which is dominated by the 
effective cosmological constant, produced by the F{R) term and by the dark fluid contribution, becomes 
significantly shorter. This is supposed to happen when a matter term is included. 

To finish this section, the inclusion of a dark fluid that behaves as a phantom one gives rise to a 

super-accelerated phase, as compared with the case where just the viable F{R) term contributes. In 
the two examples here studied, we have proven that, while the F{R) term contributes as an effective 
cosmological constant, the dark fluid contribution produces the crossing of the phantom barrier, and it 
continues to dominate until the end of the Universe in a Big Rip singiilarity. In other words, both the 
contribution of F{R) and of the phantom fluid are needed. This is very clearly seen before, and the nice 
thing is that, because of this interplay, we have shown the appearance of nice properties of our model that 
no purely phantom model could have. Specifically, for our models above, F{R) gravity together with 
phantom matter, the effective w value becomes in fact bigger than -1, so that we are able to show that 
F{R) gravity can solve the phantom problem simply by making the phantom fleld to appear as a normal 
one. 
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6.3 Scalar-tensor theories and F{R) gravity with a fluid 



We now turn to the study of the solutions given above in the alternative, and more commonly used, 
scalar-tensor picture. In Refs. [Ullll [601181, 232 , it was pointed out that F{R) gravity can be written in 
terms of a scalar field — quintessence or phantom like — by redefining the function F{R) with the use of 
a convenient scalar field and then performing a conformal transformation. The scalar-tensor theory thus 
obtained provides a solution which is characterized by this conformal transformation, whose expression 
depends on the precise form of the F{R) function. It has been shown that, in general, for any given F{R) , 
the corresponding scalar-tensor theory can in principle be obtained, although the solution is going to be 
very different from case to case. Also attention has been paid to the reconstruction of F(R) gravity from 
a given scalar-tensor theory. It is also known (see [SD]) that the phantom case in scalar-tensor theory does 
not allow, in general, the corresponding picture in F{R) gravity. In fact, the conformal transformation 
becomes complex when the phantom barrier is crossed, and then the resulting F{R) function becomes 
complex too. To avoid this hindrance, a dark fluid can be used, as in the models of the preceding section, 
in order to produce the phantom behavior in such a way that the reconstructed F{R) function continues 
to be real. This point is important, and will be clearly shown below. Also to be remarked is the fact 
that scalar-tensor theories, commonly used in cosmology to reproduce dark energy (see Chapter 2 and 
3), provide cosmological solutions whose stability should be studied in order to demonstrate the validity 
of the solution found. This has been investigated, e.g., in Ref. [70] and requires a very deep and careful 
analysis. For the purpose of the current chapter, we will here concentrate in the proof the existence of 
the solution in the scalar-tensor counterpart, and the corresponding stability study will be left for future 
work. 



We start with the construction of the scalar-tensor theory from F{R) gravity. The action (6.1) can 
be written as 

S = j d^x^[P{4>)R + Q{(t>) + L„,] , (6.33) 
which is known as the Jordan frame. Here F{R) has been written in terms of a scalar field. To recover the 



action (6.11 in terms of F{R) , the scalar field equation resulting from the variation of the action (6.33) 



with respect to (j) is used, which can be expressed as follows 

P'(0)i?-HQ'(0) = , (6.34) 



where the primes denote derivatives with respect to (j) . Then, by solving equation (6.34) we get the 



relation between the scalar field and the Ricci scalar, (j) = (j){R) . In this way, the original F{R) 



function and the action (6.1) are recovered: 

R + F{R) ^ P{<I>{R))R + Q{(t){R)) . (6.35) 
Finally, the scalar-tensor picture is obtained by performing a conformal transformation on the action 



(6.33 1. The relation between both frames is given by 

QE^iv = ^^9t,u , where = P{(j)) , (6.36) 
where the subscript e stands for Einstein frame. A quintessence-like action results in the Einstein frame 



Re - loj{<l>)d^cf,d''cj) - U{<l>) + a{<l>)L,, 



where 
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are the kinetic term, the scalar potential and the coupling function, respectively. Hence, by following the 



steps enumerated above, we can reconstruct the scalar-tensor theory described by the action (6.371 for a 
given F{R) gravity. By redefining the scalar field <j) = R , and after combining Eqs. (6.341 and (6.351, 
the form of the two functions P{<j>) 



and (5(0) are found 
P(0) = 1 + F'(0) , Q{c^)^F'{<l>)cP-F{cP) 



(6.38) 



( |03 l 



Hence, for a given solution in the Jordan frame 

quintessence/phantom scalar field scenario — i.e., in the Einstein frame (|6.37l 
formal transformation (6.36), and it is given by 



the solution in the corresponding 
is obtained by the con- 



aEitE) = [l + F'{(l){t))]^^^a{t) where (He = [1 + F' {(t>{t))]^^'^ dt 



(6.39) 



We will be here interested in the phantom case. With that purpose, we analyze the model described in 



the above section by the F{R) function (6.11) and the dark fluid with EoS (6.28), and whose solution 
is (6.30). For simplicity, we restrict the reconstruction to the phantom epoch, when the solution can 



be written as H{t) 
P{t) 



2^i?2 

7 



Hi 

2aHi{Hi+l) 



and F{R) 



1 (ts-t) 

solution in the Einstein frame is found 



Using (6.38), the function P{(f>{t)) takes the form 
as a function of time t in the Jordan frame. Then, using (6.391, the 



l2aHi{Hi + 1) 

7 



ln(is - t) — > aE{tE) = 



l2aHi{Hi + 1) 

7 



exp 



2aHi{Hi + l 



-tE 



(6.40) 



Through the relation between the time coordinates in both frames, we see that while for the Jordan frame 
there is a Big Rip singularity, at t — ts , this corresponds in the Einstein frame to t — > oo , so that the 
singularity is avoided, and there is no phantom epoch there. By analyzing the scale parameter in the 
Einstein frame, we realize that it describes a de Sitter Universe, while in the Jordan frame the Universe 
was described by a phantom expansion. As a consequence, we have shown that a phantom Universe in 
F{R) gravity may be thoroughly reconstructed as a quintessence-like model, where the phantom behavior 
is lost completely. This has been achieved in a fairly simple example and constitutes an interesting result. 

Let us now explore the opposite way. In this case, a phantom scalar-tensor theory is given and it is F{R) 
gravity which is reconstructed. As was pointed out in Ref. |60| , when a phantom scalar field is introduced, 
then the corresponding F(R) function — which is reconstructed, close to the Big Rip singularity, by means 
of a conformal transformation that deletes the kinetic term for the scalar field — is in general complex. As 
a consequence, there is no correspondence in modified gravity when a phantom scalar produces a Big Rip 
singularity. However, in our case we will analyze a scalar-tensor theory which includes a phantom fluid 
that is responsible for the phantom epoch and for the Big Rip singularity. In this situation a real F{R) 
gravity will be generically reconstructed, as we are going to see. 

The action that describes the scalar-tensor theory is 

1 



d^x^J-gE 



Re - ^u{(t))d^<j)d^<j) - U{(t)) -f a{4>)LphE 



(6.41) 



where a(0) is a coupling function and ip^B the Lagrangian for the phantom fluid in the Einstein frame. 
In our case, we consider a phantom fluid with constant EoS, PphE — WphPphE , with Wph < — 1 . The 
Friedmann equations in this frame are written as 



Hi 



K 



1 

3 V2 

,2 



He = - 



Y (^a;((?!))(/)^ + a{<j))pphE{'^ + Wph) 



(6.42) 



86 



CHAPTER 6. VIABLE F(R) COSMOLOGY AND THE PRESENCE OF PHANTOM FLUIDS 



To solve the above equations, it turns out to be very useful to redefine the scalar field as 4> = Ie ■ Then, 
for a given solution HE{tE) , the kinetic term for the scalar field can be written as follows 



,{He + 3(1 + Wph)Hl) - (1 + Wp^,)V{^) 



(6.43) 



1 - Wph 

To reconstruct F{R) gravity, we perform a conformal transformation that deletes the kinetic term, namely 



g^iuE = ^^9(11^ , where fl'^ = exp 



± 



(6.44) 



Note that for a phantom scalar field, that is defined by a negative kinetic term, the above conformal 
transformation would be complex, as remarked in Ref. [60] and as will be shown below. Thus, the 
reconstructed action would be complex, and no F{R) gravity could be recovered. By means of the above 
conformal transformation, action (6.41) is given by 



2k2 



R 



-Jph 



(6.45) 



where Lph is the lagrangian for the phantom fluid in the Jordan frame, whose energy-momentum tensor 
is related with the one in the Einstein frame by Tf;'^ = Vi^Tf;^^ and where we have chosen a coupling 
function Q;(0) = , for simplicity. By varying now the action (6.45 1 with respect to (j) , the scalar field 
equation is obtained 



R 



AK^V{(j)) T 



w(0) 



V'{cp) 



which can be solved as (j) — (j){K) , so that by rewriting action (6.45), the F{R) gravity picture result 



F{R) = — R - CL 



2k2 



47) 



Hence, for some coupling quintessence theory described by action (6.41), it is indeed possible to obtain 
a real F{R) theory, by studying the system in the Jordan frame through the conformal transformation 
( 6l4| . 

To demonstrate this reconstruction explicitly, an example will now be given. As we are interested in 
the case of a phantom epoch close to the Big Rip singularity, we will start from a solution in the Einstein 
frame He ^ ■> a scalar potential given by V{(f)) ^ {tg — 0)" , with n > . Then, the kinetic 

term (6.43) is written as 

„(,).z4<?±lii±^^ 1 , (6,48) 



1 - Wph 



The solution in the Jordan frame is calculated by performing the conformal transformation (6.44) 

-I l/(lTfc/2) 



where k = \ — 



{ts - tE) = 



8(l+3(l+t»p/i)) 
3(l-tUpft) 



It 



a{t) 



It 



(6.49) 



and Wph < —1 . Note that, in this case, we can construct two different 



solutions, and correspondingly two different F{R) models, depending on the sign selected in Eq. (6.44). 
It is easy to see that the Big Rip singularity is thereby transformed, depending on the case, into an initial 
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singularity (+), or into an infinity singularity(-). By using (6.46) and (6.47), the following function F{R) 
is recovered 



n , ±fc n±2k 



nR)-^-H^R-(i^] ■ (6-50) 



2^2 \4k2 

To summarize, we have here shown, in an explicit manner, that an F{R) theory can be actually constructed 
from a phantom model in a scalar-tensor theory where the scalar field does not behave as a phantom one 
(in that case the action for F(R) would become complex). The above reconstruction procedure, where 



we have taken the F{R) function of (6.11 ), can be generalized to other types of modified gravity models. 



6.4 Discussion 



We have seen in this chapter that the F{R) model given by (6.11 ), and where the F{R) fluid behaves as 
an effective cosmological constant, is able to reproduce the same behavior, at present time, as the A CDM 
model. On the other hand, this model gives rise to the accelerated expansion of the inflation epoch too, so 
that the natural next step to undertake with those models should be to study the complete cosmological 
history, in particular (what is very important) the explicit details for a grateful exit from inflation, what 
would demonstrate their actual potential. What is more, F{R) functions of this kind might even lead to 
a solution of the cosmological constant problem, by involving a relaxation mechanism of the cosmological 
constant, as was indicated in [2961126] ). The effective cosmological constant thus obtained could eventually 
adjust to its precise observable value. This issue is central and deserves further investigation. 

We have studied the behavior of the cosmological evolution when a phantom fluid is introduced that 
contributes to the accelerated expansion of the universe. The F{R) function we have considered is the one 



given in (6.10), which contributes as an effective cosmological constant at present time. The motivation 
for this case study comes, as it will be further explored, from the difficulty one encounters to construct 
viable F{R) functions which produce phantom epochs, and this has a representation in the scalar-tensor 
picture in the Einstein frame. As recent observational data suggest (see |256l I179j ). the effective EoS 
parameter for dark energy is around — 1 , so that the phantom case is allowed — and actually favored by 
recent, extensive observations. 

We thus have seen that, at the early stages of the universe history, the dark fluid contributes to the 
deceleration of its expansion. For t close to present time, Iq , it works as a contribution to an effective 
cosmological constant and, after t = tp^ , it gives rise to the transition to a phantom era of the universe, 
which could actually be taking place right now in some regions of it. Our hope is that it could be 
actually observable. Finally, for t close to the Rip time, the Universe becomes completely dominated 
by the dark fluid, whose EoS is phantom-like at that time. This model, which is able to reproduce the 
dark energy period quite precisely, may still be modified in such a way that the epoch dominated by the 
effective cosmological constant, produced by the F{R) term and by the dark fiuid contribution, becomes 
significantly shorter. This is the case when a matter term is included. 

The inclusion of a dark fluid with phantom behavior gives rise to a super-accelerated phase, as compared 
with the case where just the viable F{R) term contributes. In the two examples investigated in the chapter 
we have proven that, while the F{R) term contributes as an effective cosmological constant, the dark 
fluid term produces the crossing of the phantom barrier, and it continues to dominate until the end of the 
universe in a Big Rip singularity. It is for this reason that the contribution of F{R) and of the phantom 
fluid are both fundamental. This has been clearly explained in the chapter, and the nice thing is that, 
because of this interplay, we have shown the appearance of very nice properties of our model that no 
purely phantom model could have. This eliminates in fact some of the problems traditionally associated 
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with phantom models and makes this study specially interesting. In particular, for some of our models of 
F{R) gravity together with phantom matter, the effective w value becomes in fact bigger than -1, so that 
we were able to show that F(R) gravity can solve the phantom problem simply by making the phantom 
field to appear as a normal field. 

To summarize, we have here shown, in an explicit manner, that an F{R) theory can indeed be 
constructed from a phantom model in a scalar-tensor theory in which the scalar field does not behave as a 
phantom one (in the latter case the action for F{R) would be complex). Moreover, very promising F{R) 
models which cross the phantom divide can be constructed explicitly. The above reconstruction procedure. 



where we have taken (6.11 1 for the F{R) function, can be generalized to other classes of modified gravity 
models. 



Chapter 7 



On ACDM model in modified F{R,G 
and Gauss-Bonnet gravitites 



[^n the preceedings chapters, it was studied and shown how modifications of the gravitational action with 
dependence on the Ricci scalar, can resolve some of the cosmological problems, specifically the acceleration 
phases of our Universe, in the present chapter, another kind of mofication of the Hilbert-Einstein action 
is presented, the so-called Gauss-Bonnet gravity, where the gravitational action includes functions of the 
Gauss-Bonnet invariant. This kind of theories have been investigated and may reproduce the cosmic 
history (see Refs. HSl [HI US IZ3 [Ml [Ml [113 [IH IMl 168, 198] |M1 IMS [MD [Mil [Ml [Ml [HI])- 
Here, we show that the A CDM model can be well explained with no need of a cosmological constant 
but with the inclusion of terms depending on the Gauss-Bonnet invariant in the action. Even more, it is 
shown that the extra terms in the action coming from the modification of gravity could behave relaxing the 
vacuum energy density, represented by a cosmological constant, and may resolve the so-called cosmological 
constant problem. To study and reconstruct the theory that reproduces such a model as well as other 
kind of solutions studied, we shall use the method proposed in Chapter 5, where the FLRW equations 
are written as functions of the so-called number of e-foldings instead of the cosmic time. The possible 
phantom epoch produced by this kind of theories is also explored, as well as other interesting cosmological 
solutions, where the inclusion of other contributions as perfect fluids with inhomogeneous EoS are studied. 



7.1 Modified R + f{G) gravity 



We consider the following action, which describes General Relativity plus a function of the Gauss-Bonnet 
term (see Refs. [226 , .241 ) ): 

1 

2^2 



S = d xy/—g 



2-i? + /(G) + L,, 



(7.1) 



where = 8ttGn , Gjv being the Newton constant, and the Gauss-Bonnet invariant is defined as usual: 

G - i?2 - 4i?^,i?^"^ + i?^.A.i?^"^" . (7.2) 



^This Chapter is based on: [T32l[2T3l 
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By varying the action over g^^, , the foUowing field equations are obtained: 



-2fGR^P-^R;,r - AfaR^P'^" Rpa + 2(V^WG)i? - 2g^^- {V"" fG)R - 4(VpV'^/G)i?^ 



(7.3) 



where we made the notations fa — f'{G) and fee — f"{G) ■ We shaU assume throughout a spatially-flat 
FLRW universe. Then, the field equations give the FLRW equations, with the form 



: 



+ Gfa - /(G) - 24GH^fGG + Pm , 



0^8H^fG + l6HiH + H^)f, 



G i n 



i2H + 3H^) + f-GfG+Pn 



(7.4) 



The Gauss-Bonnet invariant G and the Ricci scalar R can be defined as functions of the Hubble parameter 
as 

G = 24:{HH^ + H^), R = 6{H + 2H^). (7.5) 



Let us now rewrite Eq. (7.4 1 by using a new variable, = In ^ = — ln(l 4- z) , i.e. the number of 
e-foldings, instead of the cosmological time t , where z is the redshift. The following expressions are then 
easily obtained 



a = aoe^, H = N 



dN 
~dt 



dt dN 



— — = ZJ-^ 

dN^ 



HH 



'A 

dN 



H' 



dH 

dN 



Eq. ( 7.4 ) can thus be expressed as follows 



(7.' 



= ^H^ + 2AH^{H' + H)fG-f- 576i?6 [HH" + SH'^ + AHH') Jgg + Pm , 

where G and R are now 

G = 24:{H^H' + H^) , G = 2A{H'^H" + 3H^H'^ + AH^H') , R = 6{HH' + 2H^) 
By introducing a new function — H , we have 



tt/ 1 -1/2 / 



ttII 1 -3/2 12 I 1 -1/2 

4 2 



Hence, Eq. (7.7) takes the form 
3 







X 4- 12a;(a;' + 2a;)/G - / - 24^0; 



/gg + Pr, 



where we have used the expressions 

G = 12x0:' + 24a;^ G ^\2x'^^^'^{x^x!' + xx''^ ^ Ax^x^\ and i? = 3a;' + 12x. 



(7.7) 



(7.8) 



(7.9) 



(7.10) 



(7.11) 



Then, by using the above reconstruction method, any cosmological solution can be achieved, by introducing 
the given Hubble parameter in the FLRW equations, which leads to the corresponding Gauss-Bonnet 
action. 



7.2. RECONSTRUCTING A CDM MODEL IN R + F{G) GRAVITY 



91 



7.2 Reconstructing A CDM model in R + f{G) gravity 



We are now interested to reconstruct A CDM solution in i? + /(G) gravity for different kind of matter 
contributions. We show that in GB gravity there is no need of a cc. The cosmological models coming 
from the different versions of modified GB gravity considered will be carefully investigated with the help 
of several particular examples where calculations can be carried out explicitly. For the A CDM model, the 
Hubble rate is given by 



(7.12) 



3 3a3 ' 

where po is the matter density (which consists of barionic matter and cold dark matter) and A is the 
cosmological constant. In the rest of this section we put — 1 . 



For the A CDM model, described by the Hubble parameter (7.12 ), we can write the derivatives of the 



scale factor as well as the Hubble parameter in the following useful way: 

.. 2Aa3 



Aa2 



H 



Pa 
2a3 



3 



Po 
3a 

H : 



Po 



6a2 



3po 
2a3 



Po 
3a3 



- H'--\H 



Using these formulas we get 

R 

R = 



4A 



Po 



G = 24 



-3po I Po 
3a3 



^ , G 



Po 


4) 




3a3 ^ 










-A 




I a3 



Po 
6a3 



(7.13) 



Po 
3a3 



A 
3 



Then, the following relation between R and G holds: 

4 



G 



-(i?^ - 9Ai?+ 18A^ 



(7.14) 



(7.15) 



Let us recall that x = H . Then, some of the above formulas take the form: 
H^^{A-3x) = ^(3a;- A)^/i , R = 3{A + x) 



G^12x{A~x), i? = 3(A- 3x)V^ , G = 12(3a; - A)(2a; 
Note that the variable x can be expressed in terms of i? or G as 

R 

"^3 



A)Vx 



A or X 



3A ± V9A2 _ 



6 



(7.16) 
(7.17) 



respectively. The above formulas will be useful to reconstruct the A CDM model as well as other cosmo- 
logical solutions in the context of Gauss-Bonnet gravity, as it is shown below. 



We write the first Friedmann equation ( 7.4 1 in the form 

= -3H^ + 12ij2(A - H^)fG -f- 288H\3H^ - A)i2H^ - A)/gg + Pm , 

or 

= -3a: + 12x(A - x)fG - f - 288x^(32; - A) (2a; - A)/gg + Pm ■ 
For further algebra more convenient is the following form of this equation 

= (/)„- 3a; - /)(A - 2a;) + [48a;^(3a; - A) + a;(A - x)]f^ + 2Ax^{3x - A) (A - 2a:)/^ 

Now we wish to construct some particular exact solutions of this equation. 



(7.18) 
(7.19) 

(7.20) 



92 CHAPTER 7. ON A CDM MODEL IN MODIFIED F{R, G) AND GAUSS-BONNET GRAVITITES 



Case I: Absence of matter, p„ 



First of all, let us consider the simple case in absence of matter, — . Then, the equation (7.201 takes 
the form 







-{3x + /)(A - 2x) + [A8x^{3x - A) + x(A - x)]f^ + 24x^{3x - A)(A - 2x)f^^ 



(7.21) 



We can analyze the cases where the cosmological constant term in the solution ( 7.12[ ) vanishes and where 
it is non-zero. 



• Let A = . Then Eq. (7.21 1 reads as 



= -2(3x + /) - xilUx - 1)/, + lUx^U, 



The general solution of ( 7.22 ) is given by 

f{x) = C2x'^ + Cix{14Ax - l)e™5 + Vi{x) 

where 



vi{x) = -864a; 



h a;lna; + ( x] Ei | 1, , ^ , \ ei"^ 



lAAx ' "' ■ V 144a; / " V ' 144a; 
Here 

/oo 

Then, the solution that reproduces, basically a power-law expansion, is found 



(7.22) 

(7.23) 
(7.24) 

(7.25) 



• Let A 7^ . Then Eq. (7.211 has a complex solution, which has no physical meaning as it gives a 
complex action. 



Hence, it appears that the A CDM model (7.12 ) can not be reproduced by R+f{G) gravity in the absence 
of matter. The only solution found, restricted to A = , does not produce an accelerating expansion. 



Case II: Pm 7^ and A = 

We now explore the case when some kind of matter with a particular EoS is present in the Universe, 



but with no cosmological constant term in the Hubble parameter described in (7.12). We explore several 
examples where different kind of matter contributions are considered. 



Example 1 



Let us now consider the case when A = and the evolution of the matter density behaves as 

Pm ~ = 3x. 



In this case the modified Friedmann equation (7.4) reads as 



2/ + a;(144a; - 1)/, - 144a;3/, 



The general solution of the equation (7.27) is given by 

fix) = Cix^ + C2x{U4:X - l)e™; . 



This function reproduces the solution ( |7.12 1 under the conditions imposed above 



(7.26) 
(7.27) 
(7.28) 
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Example 2 



Now we consider a more general case, where the energy density is given by, 

p„i = u{x) , 



where u{x) is some function of x . In this case the modified Friedmann equation (7.4 1 reads as 

= 2[3x - u{x) + f]+ x{lUx ~ 1)/, - lUx^f:,, . 

Its general solution is 



with 



where 



Ji 



f{x) = Cxx^ + C2x(144x - + v^ix) 

V2(x) = 288a; 

3x-M_L, /■ (3a;- u)(I44a; - 1) 
^ — ei"="da;, Ji — 



X - ^VT I e 1-44X J2 



144 



144 



dx 



(7.29) 

(7.30) 
(7.31) 
(7.32) 

(7.33) 



Then, the solution (7.31) gives the function of the Gauss-Bonnet invariant that reproduces this model for 



any kind of EoS matter fluid. 



Case III: ^ and A 7^ 



Let us now explore the most general case for the solution (7.121 in R + f{G) gravity with a non vanishing 
matter fluid with a given EoS parameter. 

We consider a Universe filled with a pressureless fluid. By the energy conservation equation, the energy 
desity can be written as 

p,n = 3x + p. (7.34) 



Then Eq. ( 7.4 ) takes the form 



= (/? - /)(A - 2.x) + [48x^{3x - A) + a;(A - x)]f.^ + 24:X^(3x - A)(A - 2a;)/^:, 



and has the following particular solution: 



f{x) = 72;^ — 'fAx + (3 . 



(7.35) 



(7.36) 



If A = , then f{x) — jx'^ + P . Also if 7 = 0, then the solution takes the form f = f3 , which corresponds 
to the cosmological constant. Note that if /3 = — A then 



P03 



3x — A, f{x) = 72;^ — 7AX — A 



(7.37) 



This gives a solution where the cosmological constant is corrected by the contribution from /(G) , what 
may resolve the cosmological constant problem. 
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7.3 The F{R,G) model 

Let us now consider a more general model for a class of modified Gauss-Bonnet gravity. This can be 
described by the following action 

S = J d^xV^[^F{R,G) + L„,]. (7.38) 
Varying over the gravity field equations are obtained, 

= K^T^"' + ^g'"'F{G) - 2FgRR'"' + AFoR^pR"" 

~2FGR'""'^Rp^r - '^FgR'"""' Rpa + 2(V^V''FG)i? - 2g^'''{V^FG)R 
-A{VpVfFG)R'''' - A{VpV''Fg)R'"' + A{V^Fg)R^'' + Ag^"" {V pV aFG)RP'' 

pV aFG)R'"""'' - FgR^" + V^VFr - g^'^V^FR. (7.39) 

In the case of a flat FLRW Universe, the first FLRW equation yields 

= \{GFg -F- 24ff3^G0 + 'i{H + H^)Fr - SHFRt + n^Pm- (7.40) 

And from here, using the techniques developed in the previous section, it is plain that explicit F{R, G) 
functions can be reconstructed for given cosmological solutions. 



De Sitter Solutions 



As well known, the de Sitter solution is one of the most important cosmological solutions nowadays, 
since the current epoch has been observed to have an expansion that behaves approximately as de Sitter. 
This solution is described by an exponential expansion of the scale factor, which gives a constant Hubble 
parameter H{t) = Hq . By inserting it in the Friedmann equation (7.401, one finds that any kind of 



F{R, G) function can possibly admit de Sitter solutions, with the proviso that the following algebraic 
equation has positive roots for Hq 



= 2(GoJ^g(Go) - F{Go,Rn)) + 3H^Fr{Ro) 



(7.41) 



being Rq = 12i?Q and Gq — 24:Hq ; we have here neglected the contribution of matter for simplicity. As 
it was pointed out for the case of modified F{R) gravity, the de Sitter points are critical points for the 
Friedmann equations, what could explain the current acceleration phase as well as the inflationary epoch. 
This explanation can be extended to the action ( 7.38[ ), so that any kind of function F{R, G) with positive 
real roots for the equation (7.41 ) could in fact explain the acceleration epochs of the Universe in exactly 



the same way a cosmological constant does. 



Phantom dark energy 



Let us now explore the cosmic evolution described hy H = e" in the context of the action (7.38). 
This solution reproduces a phantom behavior, i.e. a superaccelerated expansion that, according to recent 
observations, our Universe could be in — or either close to cross the phantom barrier. We can now proceed 
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with the reconstruction method, as exphcitly shown in the section above, and a F(R, G) function will be 
reconstructed. For simplicity, we consider the following subfamily of functions 



F{R,G)^h{G) + f2{R) . 
Correspondingly, the Friedmann equation ( |7.40 ) can be split into two equations, as 

= ~2AH^GhGG + G/iG - /i , 
= -SHRhnn + 3{H + H^)hR - ^/a + 

For this example, the Ricci scalar and the Gauss-Bonnet terms take the following form, 

G = 24(m + 1)6'^"^ = 24(m + 
i? = 6(to + 2)e2"'^ = 6(to + 2)i/2 . 



(7.42) 



(7.43) 



Hence, the first equation in ( 7.43 1 can be written in terms of G , as 

m + 1 m + 1 



IGG 



4m 



-G/: 



IG 



4m 



7i = 



This is an Euler equation, easy to solve, and yields 

/i(G) = GiGi+"^ 



G2 



(7.44) 
(7.45) 
(7.46) 



where Ci^2 are integration constants. In the same way, for the case being considered here, the second 

^^(m + 2) 



equation in (7.431, for i? , takes the form 

m + 1 



2R 



-/2- 



In absence of matter ( p„ 



2m 2m m 

) this is also an Euler equation, with solution 

/2(i?) = fcii?^+ + fcai?^- 

1 



= 



(7.47) 



where fi± 



m+l _|_ 
2m 



1 



(m+1)^ 



m+3 



(7.48) 



and fci 2 are integration constants. Then, the complete function F(R,G), given in ( |7.42 ), is reconstructed 
(in absence of matter) yielding the solutions (7.46) and (7.48). The theory (3.12) belongs to the class of 
models with positive and negative powers of the curvature introduced in 219 . 

Let us now consider the case where matter is included. From the energy conservation equation p'm + 
3-ff (1 + w)pm — we have that, for a perfect fluid with cons tant E oS, Pm — WmPm , the solution is given 
by Pm = poe^'^^^"'"™'")^ . By inserting the expression for R (7.44) into this solution, we get 



Pn 



PmO 



R 



6{m + 2] 



3{l±wrnl 



(7.49) 



In such case the general solution for /2 is given by 

f2{R) = hR^+ + k2R''- 



2 Pmo{6im+l))-^ 
A{A^l)-l/2m 



and A 



kR , where, 
3(1 + Wm) 



2m 



(7.50) 



Hence, we see that the solution for the Hubble parameter H = e" can be easily recovered in the context 
of modified Gauss-Bonnet gravity. Nevertheless, it seems clear that, for more complex examples, one may 
not be able to solve the corresponding equations analytically and numerical analysis could be required.. 
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7.4 Cosmological solutions in pure f{G) gravity 



Wc have studied so far a theory described by the action (7.1 ), which is given by the usual Hilbert-Einstein 
term plus a function of the Gauss-Bonnet invariant, that is assumed to become important in the dark 
energy epoch. In this section, we are interested to investigated some important cosmic solutions in the 
frame of a theory described only by the Gauss-Bonnet invariant, and whose action is given by 

S= f d^x^[f{G) + L^] . (7.51) 



In this case, the FLRW equations are: 

= GfG-f- 2AGH^fGG + Pm 

= SH^fa + 16H{H + H^)fG + f- Gfa +Pm ■ (7.52) 

We are interested to explore some important solutions from the cosmological point of view, as de Sitter and 
power law expansions. De Sitter solutions can be easily checked for a given model, as it was shown above. 
We can explore the de Sitter points admitted by a general /(G) by introducing the solution H{t) = Hq 



in the first FLRW equation given in (7.521, which yields 



= Go/g(Go)-/(Go) . (7.53) 
Here, Go = 2AH^ and we have ignored the contribution of matter. Then, we have reduced the differential 



equation (7.52) to an algebraic equation that can be resolved by specifying a function /(G) . The de 
Sitter points are given by the positive roots of this equation, which could explain not just the late-time 
accelerated epoch but also the inflationary epoch. The stability of these solutions has to be studied in 
order to achieve a grateful exit in the case of inflation, and future predictions for the current cosmic 
acceleration. 



Power law solutions 



We are now interested to explore power law solutions for a theory described by the action ( 7.51 ). This kind 



of solutions are very important during the cosmic history as the matter/radiation epochs are described by 
power law expansions, as well as the possible phantom epoch, which can be seen as a special type of these 
solutions. Let us start by studying a Hubble parameter given by 



H{t) 



a{t) - 



(7.54) 



where we take a > 1 . Then, by introducing the solution (7.54 1 into the first FLRW equation (7.521, it 
yields the differential equation 



= -/(G) -I- Gfa 



4G2 



1 



/gg 



(7.55) 



where we have neglected any contribution of matter for simplicity. The equation (7.55) is a type of Euler 
equation, whose solution is 

/(G) = GiG + GsGT^ . (7.56) 



Thus, we have shown that power-law solutions of the type (7.54 1 correspond to actions with powers on 



the Gauss-Bonnet invariant, in a similar way as in f{R) gravity, where power-law solutions correspond 
to an action with powers on the scalar curvature, i? , as it was shown above. 
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Let us now explore another kind of power-law solutions, where the Universe enters a phantom phase 
and ends in a Big Rip singularity. This general class of Hubble parameters may be written as 



H{t) = 



(7.57) 



where ts is the so-called Rip time, i.e. the time when the future singularity will take place. By inserting 
the solution (7.57) into the first FLRW equation (7.52), the equation yields 



0--/(G) + G/g(G) 
which is also a Euler equation, whose solution is given by, 

f{G)^CiG + C2G'' 



1 + a ' 



(7.58) 



(7.59) 



Thus, we have shown that power law solution of the type radiation/matter dominated epochs on one side 
and phantom epochs on the other, are well reproduced in pure /(G) gravity, in a similar way as it is in 
f{R) gravity. 



7.5 Conclusions 



We have explored in this chapter several cosmological solutions in the frame of Gauss-Bonnet gravity, 
considering specially the case of an action composed of the Hilbert-Einstein action plus a function on 
the Gauss-Bonnet invariant. Also pure /(G) gravity has been considered, as well as the possibility of 
the implication of inhomogeneous terms in the EoS of a perfect fluid, which could contribute together 
with modified gravity to the late-time acceleration. We have shown that the A CDM model can well be 
explained in this kind of theories, which may give an explanation to the cosmological constant problem 
as the modified gravity terms may act relaxing the vacuum energy density. Other kinds of solutions in 
/(G) gravity have been reconstructed. It has been shown that /(G) gravity could explain the dark 
energy epoch whatever the nature of its EoS, of type quintessence or phantom, and even the inflationary 
phase. More complex cosmological solutions would require numerical analysis, but our analysis of a few 
simple cases has already shown that /(G) gravity accounts for the accelerated epochs and may contribute 
during the radiation/matter dominated eras, and it may explain also the dark matter contributions to 
the cosmological evolution, what will be explored in future works. This kind of modified gravity models 
which reproduce dark energy and inflation, can be modeled as an inhomogeneous fluid with a dynamical 
equation of state, what would be distinguished from other models with a static EoS. Even as perturbations 
in modified gravity behave different than in General Relativity, it could give a signature of the presence 
of higher order terms in the gravity action, as the Gauss-Bonnet invariant, when structure formation is 
studied and simulations are performed, what should be explored in the future. 
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Part III 



On Hofava-Lifshitz gravity and its 
extension to more general actions in 

cosmology 
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Chapter 8 



Unifying inflation with dark energy 
in modifled F(R) Hofava-Lifshitz 
gravity 



he Hofava-Lifshitz quantum gravity jl74j has been conjectured to be renormahzable in four dimensions, 
at the price of exphcitly breaking Lorentz invariance. Its generahzation to an F{R) -formulation, which 
seems to be also renormahzable in 3 -f 1 dimensions, has been considered in Refs. [HOI 1100) . where the 
Hamiltonian structure and FRW cosmology, in a power-law theory, have been investigated for such modified 
F{R) Hofava-Lifshitz gravity. It was also conjectured there that it sustains, in principle, the possibility 
of a unified description of early-time inflation and the dark energy epochs. 

The purpose of the present chapter is to show a realistic non-linear F{R) gravity in the Hofava-Lifshitz 
formulation, with the aim to understand if such theory is in fact directly able to predict in a natural way 
the unification of the two acceleration eras, similarly as it is done in the convenient version. It will be 
here shown that, for a special choice of parameters, the FRW equations do coincide with the ones for the 
related, convenient F{R) gravity. This means, in particular, that the cosmological history of such Hofava- 
Lifshitz F{R) gravity will be just the same as for its convenient version (whereas black hole solutions are 
generically speaking different). For the general version of the theory the situation turns out to be more 
complicated. Nevertheless, the unification of inflation with dark energy is still possible and all local tests 
can also be passed, as we will prove. 



8.1 Modified F{R) Horava-Lifshitz gravity 

In this section, modified Hofava-Lifshitz F{R) gravity is briefly reviewed [90l llOOj . We start by writing 
a general metric in the so-called ADM decomposition in a 3-1-1 spacetime (for more details see [131 1207] 
and references therein), 

ds^ = -N^dt^ + g^f {dx' + N'dt){dx^ + N^dt) , (8.1) 



^This Chapter is based on: | 135| 
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where «, j = 1,2, 3 , N is the so-called lapse variable, and A^' is the shift 3 -vector. In standard general 
relativity (GR), the Ricci scalar can be written in terms of this metric, and yields 

R = KijK'^ ~K^ + R'-^^ + 2V f.inf'V ^n" - n^V ^n'') , (8.2) 

here K — g^^ Kij , Kij is the extrinsic curvature, R^^^ is the spatial scalar curvature, and a unit 
vector perpendicular to a hypersurface of constant time. The extrinsic curvature Kij is defined as 



In the original model |174| . the lapse variable N is taken to be just time-dependent, so that the 



projectability condition holds and by using the foliation-preserving diffeomorphisms (8.61, it can be fixed 
to be TV = 1 . As pointed out in |32| . imposing the projectability condition may cause problems with 
Newton's law in the Hoi'ava gravity. On the other hand, Hamiltonian analysis shows that the non- 
projectable F(i?) -model is inconsistent [101 j ) . For the non-projectable case, the Newton law could be 
restored (while keeping stability) by the "healthy" extension of the original Hof ava gravity of Ref. [32] . 

The action for standard F{R) gravity can be written as 

j d'^x^fg^)NF{R) . (8.4) 

Gravity of Ref. |174j is assumed to have different scaling properties of the space and time coordinates 

x' = bx\ t^hH, (8.5) 

where z is a dynamical critical exponent that renders the theory renormalizable for z = 3 in 3-1-1 
spacetime dimensions [174 (For a proposal of covariant renormalizable gravity with dynamical Lorentz 



symmetry breaking, see GR is recovered when z = 1. The scaling properties (8.51 render the theory 
invariant only under the so-called foliation-preserving diffeomorphisms: 

5x' = C{x\t), 6t = f{t). (8.6) 

It has been pointed that, in the IR limit, the full diffeomorphisms are recovered, although the mechanism 



for this transition is not physically clear. The action considered here was introduced in Ref. |100j . 

S=^ I dtd^xy^NF{R) , R = Ki,K'' -XK^+R^^'> +2fi\/ Jn^''^ ^n"" -n'^S/ ^n'')~L^^'> {g'^f) , (8.7) 
J ■' 

where k is the dimensionless gravitational coupling, and where, two new constants A and jj, appear, 
which account for the violation of the full difFeomorphism transformations. A degenerate version of the 
above F(i?) -theory with fj, = has been proposed and studied in Ref. |188l I19(J| . Note that in the 
original Hof ava gravity theory |174j . the third term in the expression for R can be omitted, as it becomes 
a total derivative. The term L^^^{g^'^) is chosen to be |174j 



L^^\gf) = E^^G,,kiE^ 
where Gijki is the generalized De Witt metric, namely 
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In Ref . 1 174] , the expression for Eij is constructed to satisfy the "detailed balance principle" in order to 
restrict the number of free parameters of the theory. This is defined through variation of an action 



SWjgu] 



(8.10) 



where the form of is given in Ref. |173| for z = 2 and z = 3 . Other forms for L^^Hglf) have 

been suggested that abandons the detailed balance condition but still render the theory power-counting 
renormalizable (see Ref. 90J). 

We are interested in the study of (accelerating) cosmological solutions for the theory described by 



action (8.7). Spatially-flat FRW metric is assumed, which is written in the ADM decomposition as, 



(8.11) 



i=l 



If we also assume the projectability condition, N can be taken to be just time-dependent and, by using 



the foliation-preserving diffeomorphisms (8.6), it can be fixed to be unity, iV = 1 . When we do not assume 



the projectability condition, N depends on both the time and spatial coordinates, first. Then, just as an 
assumption of the solution, N is taken to be unity. 



For the metric 



.11), the scalar R is given by 



R = 



3(1 - 3X + 6n)H^ 6fi d / H 
7V2 ^ Jldt\N 



(8.12) 



For the action (8.7), and assuming the FRW metric (8.12), the second FRW equation can be obtained by 



varying the action with respect to the spatial metric gf^ , which yields 



= F{R) - 2(1 - 3A + 3/i) (h + 3hA F\R) - 2(1 - 3X)RF"{R) + 2/i (r^F^^^R) + RE" {R) 



(8.13) 

here = IGttG , Pm is the pressure of a perfect fluid that fills the Universe, and iV = 1 . Note that 



this equation becomes the usual second FRW equation for convenient F{R) gravity (8.4 1, by setting the 



constants \ ~ ^ = 1 . When we assume the projectability condition, variation over N of the action (8.7) 
yields the following global constraint 



0= d^x F{R) -6{1~3X + 3fi)H^ -6nH + 6fiHRF''{R) - K^p„ 



(8.14) 



Now, using the ordinary conservation equation for the matter fluid Prn + ^H{p„i+p„i) = , and integrating 



Eq. (8.13) 



= F{R)-6 {l-SX + 3ii)H^ + fiH E' (R) + QpH RF" (R) - p, 



C 



(8.15) 



where C is an integration constant, taken to be zero, according to the constraint equation (8.14). If we 



do not assume the projectability condition, we can directly obtain (8.15), which corresponds to th e first 



FRW equation, by variation over N . Hence, starting from a given F{R) function, and solving Eqs. (8.13) 
and (8.14), a cosmological solution can be obtained. 



104 



CHAPTER 8. INFLATION AND DARK ENERGY IN F(R) HORAVA-LIFSHITZ GRAVITY 



8.2 Reconstructing FRW cosmology in F{R) Horava-Lifshitz 
gravity 



To start, let us analyze the simple model F{R) = R , which cosmology was studied in [H [1^1 [371 IMl IHl 
EilMlinillMllIZilinSlliniinilSMlllSIlIl^ (for a complete analysis of 

cosmological perturbations, see [158) 1. In such a case, the FRW equations look similar to GR, 



3(3A- 1)' 



H 



2(3A - 1 



-{Pm + Pm) , 



(8.16) 



where, for A — ^ 1 , the standard FRW equations are recovered. Note that the constant is now irrelevant 



because, as pointed out above, the term in front of in (8.7) becomes a total derivative. For such theory. 



one has to introduce a dark energy source as well as an inflaton field, in order to reproduce the cosmic and 
inflationary accelerated epochs, respectively. It is also important to note that, for this case, the coupling 
constant is restricted to be A > 1/3 , otherwise Eqs. (8.16) become inconsistent. It seems reasonable to 
think that, for the current epoch, where R has a small value, the IR limit of the theory is satisfied A '--^ 1 , 
but for the inflationary epoch, when the scalar curvature R goes to inflnity, A will take a different value. 
It has been realized that, for A = 1/3 , the theory develops an anisotropic Weyl invariance (see |174j ). and 
thus it takes an special role, although for the present model this value is not allowed. 

We now discuss some cosmological solutions of F{R) Hofava-Lifshitz gravity. The first FRW equation, 
given by (8.15) with C = , can be rewritten as a function of the number of e-foldings 77 = In , instead 
of the usual time t . This technique has been developed in Chapter 5 for convenient F{R) gravity, where it 
was shown that any F{R) theory can be reconstructed for a given cosmological solution. Here, we extend 
such formalism to the Hofava-Lifshitz F{R) gravity. Since ^ = H-£j and ^ = 
first FRW equation 



15 ) is rewritten as 



H'^-f , the 

ail 



= F{R)-6 [(1 - 3A + 3/i)iJ2 + fiHH'] 



n dF{R) 



dR 



-36/iij2 [(1 " 3A + 6^i)HH' + fiH'"^ + nH"H] 



d^FjR) 
d^R 



5.17) 

where the primes denote derivatives with respect to rj . Thus, in this case there is no restriction on the 
values of A or /i . By using the energy conservation equation, and assuming a perfect fluid with equation 
of state (EoS) Pm — WmPm , the energy density yields 



-3(l+tu„) 



p„ = p,a ' = p„a-^(^+'"")e-3(i+»'")'' . (8.18) 
As the Hubble parameter can be written as a function of the number of e-foldings, H = H{rj) , the scalar 



curvature m 



12 ) takes the form 



^ = 3(1 - 3A + 6M)i?^ + &^JLHH' , 



(8.19) 



which can be solved with respect to 77 as 77 = 'ri{R) , and one gets an expression (8.17) that gives an 
equation on F{R) with the variable R . This can be simplified a bit by writing G{ri) — instead of 
the Hubble parameter. In such case, the differential equation (8.17) yields 



F{R)-Q \(l - 3A + 3Ai)G + |G" 



^^+187. [(1 - 3A + 6/i)GG' + pGG"] f£i^-^^p„a^'^'+-^e-'^' 



dR 



d^R 



(8.20) 

and the scalar curvature is now written as R = 3(1 — 3A + 6p)G + 3/iG' . Hence, for a given cosmological 
solution = G{r}) , one can resolve Eq. (8.20), and the F{R) that reproduces such solution is obtained. 
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As an example, we consider the Hubble parameter that reproduces the A CDM epoch. It is expressed 



as 



-poa 



-3 



3-3?; 



B.21) 



where Hq and po are constant. In General Relativity, the terms on the rhs of Eq. (8.21) correspond 
to an effective cosmological constant A = 3Hq and to cold dark matter with EoS parameter w = . 
The corresponding F{R) can be reconstructed by following the same steps as described above. Using 
the expression for the scalar curvature R — 3(1 — 3A + Qp)G + 3pG' , the relation between R and rj is 
obtained, 

R - 3(1 ~ 3A + 6/i)iJ^ 



3fc(l + 3(m- A)) 



B.22) 



where k = 
expression 



- Potto 



Then, substituting (8.21) and (8.22) into Eq. (8.20), one gets the differential 



= {l-3\ + 3p)F{R)-2[l-3X+-fi]R + 9^i{l-3X)Ho 



dF{R) 
dR 



-6p{R - 9pH^){R - 3H^{1 - 3A + 6p)) 



d^FjR) 
d^R 



- R-3{l-3X + 6p)H^ , 



B.23) 



where, for simplicity, we have considered a pressureless fluid w =_0 in Eq. 

J?.-9Mgo 



change of variable x — „ „.i , „, — 

° 3H5(1+3(ai-A)) 

hypergeometric differential equation 



the homogeneous part of Eq. (8.23) can be easily identified as an 



.20). Performing the 



d'^F dF 
= a;(l - x)-— + {-f - {a + 13 + l)x) — 
dx'^ dx 



al3F, 



with the set of parameters (a, /3, 7) being given by 

1 ^ 1-3A 3 



7 



■13 = 



3/i 



a/3 = - 



l + 3{p-X) 
6p 



(8.24) 



(8.25) 



The complete solution of Eq. (8.24) is a Gauss' hypergeometric function plus a linear term and a cosmo- 
logical constant coming from the particular solution of Eq. (8.23), namely 

Fik) = CiF{a, 13, 7; x) + C2X^-''F{a - 7 + 1, /3 - 7 + 1, 2 - 7; x) + 



-i?-2A. 



(8.26) 



where Ci and C2 are constants, ki =3A— 1 and A = — '^^(i^^^^^^)^ ■ Note that for the exact cosmology 



.21), the classical F{R) gravity was reconstructed and studied in Chapter 5. In this case, the solution 



.26 1 behaves similarly to the classical F{R) theory, except that now the parameters of the theory depend 



on {X, fi) , which are allowed to vary as it was noted above. One can also explore the solution (8.21) for 
a particular choice on the parameters = A — | , which plays a special role as it is shown below. In this 
case, the scalar R turns out to be a constant, and Eq. 
the solution 

1 ^ 



5.23), in the presence of a pressureless fluid, has 



FiR) 



-R-2A, with A 



2(3A 



5.27) 



Hence, for this constraint on the parameters, the only consistent solution reduces to the Hofava linear 
theory with a cosmological constant. 

As a further example, we consider the so-called phantom accelerating expansion. Currently, observa- 
tional data do not totally exclude the possibility that the Universe could have already crossed the phantom 
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divide, which means that the effective EoS for dark energy would presently be slightly less than —1 . Such 
kind of system can be easily expressed in GR, where the FRW equation reads H = ^Pph ■ Here the 
subscript "ph" denotes the phantom nature of the fluid, which has an EoS given by Pph = Wph/fph with 
Wpii < — 1 . By using the energy conservation equation, the solution for the Hubble parameter turns out 
to be 

H{t) = ^ , (8.28) 

where Hq = —1/3(1 + Wph) , and tg is the Rip time which represents the time still remaining up to the 
Big Rip singularity. As in the above example, one can rewrite the Hubble parameter as a function of the 
number of e-foldings; this yields 

G{f^)^H'^{Tl)^Hle^'^/"° . (8.29) 



Then, by using the expression of the scalar curvature, the relation between R and rj is given by 



HoiAHo + Gfi) 



(8.30) 



By inserting (8.291 and (8.30) into the differential equation (8.20), we get 



R^'^+ky-^+koFiR)^0, 



dR-^ 



dR 



.31) 



where 



{AHo + 6fi)iiAHo + 3fi)) (AHo + Gfi)' 

n , ATT , N > - 



6fi{AHo + 12fi) 



12^i{AHa + 12fi) 



(8.32) 



here we have neglected any kind of matter contribution for simplicity. Eq. (8.31) is an Euler equation, 
whose solution is well known 



F{R) = CiR"'+ + Cai?" 



where m± = 



1 - fci ± ^{ki - 1) 



4fco 



(8.33) 



Hence, a F{R) HL gravity has been reconstructed that reproduces the phantom dark epoch with no need 
of any exotic fluid. In the same way, any given cosmology may be reconstructed. 



8.3 Unified inflation and dark energy in modified Horava-Lifshitz 
gravity 

Let us consider here some viable F(R) gravities which admit the unification of inflation with late-time 
acceleration. In the convenient F{R) theory, a number of viable models which pass all local tests and 
are able to unify the inflationary and the current cosmic accelerated epochs have been proposed, as it was 
commented in the preceeding chapters. Here we extend this class of models to the Hofava-Lifshitz gravity. 
We consider the action, 

F{R) = R + f{R), (8.34) 

where it is assumed that the term f{R) becomes important at cosmological scales, while for scales com- 
pared with the Solar system one the theory becomes linear on i? . As an example, we consider the following 
function, already analyzed in standard F(R) gravity 



(8.35) 
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where (a, /?, 7) are constants and 71 > 1 . This theory reproduces the inflationary and cosmic acceleration 
epochs in convenient F(R) gravity, which is also the case in the present theory, as will be shown. During 
inflation, it is assumed that the curvature scalar tends to infinity. In this case the model (8.34), with 



35 1 , behaves as 



hm F{R) = ai?" . 



(8.36) 



Then, by solving the FRW equation (8.151, this kind of function yields a power-law solution of the type 



, hi , , 2/i n- l)(2n- 1) 
HU) = — , where hi = r . 



B.37) 



This solution produces acceleration during the inflationary epoch if the parameters of the theory are 
properly defined. The acceleration parameter is given by ^ = hi{hi - thus, for hi > 1 the 

inflationary epoch is well reproduced by the model 



35 1. On the other hand, the function (8.35) has a 



minimum at Rq , given by 



1/4 



/'(i?)=0, /(i?) = -2A: 



7 



(8.38) 



where we have imposed the condition /37/a ^ 1 . Then, at the current epoch the scalar curvature acquires 
a small value which can be flxed to coincide with the minimum (8.38), such that the FRW equations (8.13) 



and (8.15) yield 



2A 



H =-K 



2 Ptn H~ Vrii 



3(3A-l)'^"' ' 3(3A-1) " 3A-1 ' ^^'^^^ 

which look very similar to the standard FRW equations in GR, except for the parameter A . As has been 
pointed out, at the current epoch the scalar R is small, so the theory is in the IR limit where the parameter 
A ~ 1 , and the equations approach the usual ones for F{R) gravity. Hence, the FRW equations (8.39) 



reproduce the behavior of the well known A CDM model with no need to introduce a dark energy fluid to 
explain the current universe acceleration. 



As another example of the models described by (8.34), we can considered the function, 

{R - Ro)^''+^ + Rl''+^ 



f{R) = - 



/0 + /1 (i? - i?o)2"+i + i?o 



21J+1 



1^ /0//1 

^1 /o + /i f(i? - i?o)2"+i + i?, 



2n+l 




(8.40) 



This function could also serve for the uniflcation of inflation and cosmic acceleration but, in this case, 
when one takes the limit R ^ 00 , one gets 



jim F{R) =R-2A,, 



where A.^ = l/2/i 



(8.41) 



where the subscript i denotes that we are in the inflationary epoch. By inserting this into Eqs. (8.13) and 



(8.151, the FRW equations take the same form as in (8.39). Then, for the function (8.401 the inflationary 



epoch is produced by an effective cosmological constant, which implies that the parameter A > 1/3 , or the 
equations themselves will present inconsis tenci es, as it was discussed in the above section. For the current 
epoch, it is easy to see that the function (8.40) exhibits a minimum for R = Rq , which implies, as in the 



model above, an effective cosmological constant for late time that can produce the cosmic acceleration. 
The emergence of matter dominance before the dark energy epoch can be exhibited, in analogy with 
the case of the convenient theory. Hence, we have shown that the model (8.40) also unifles the cosmic 



expansion history, although with different properties during the inflationary epoch as compared with the 
model (8.35 1. This could be very important for the precise study of the evolution of the parameters of the 
theory. 
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It is also interesting to explore the de Sitter solutions allowed by the theory ( 8.7 ). By taking H{t) — Hq , 
the FRW equation (8.15), in absence of any kind of matter and with C = , reduces to 



= F(^o) - 6H^{1 - 3A + 3Ai)F'(i?o) , (8.42) 

which reduces to an algebraic equation that, for an specific model, can be solved yielding the possible de 
Sitter points allowed by the theory. As an example, let us consider the model 
takes the form 



35), where Eq. (8.42) 



Rn 



Rl{ak^-P) 
l + 7i?J} 



6^0^ (-1 + 3A - 3Ai) 1 + na-fRl''-^ + R^~'^{2jRo - n(3) + rI'^-\j^Ro + 2na) 



= 0. 



.43) 



.43), 



Here i?o = 3(1 — 3A + 6ii)H^ . By specifying the free parameters of the theory, one can solve Eq 
which yields several de Sitter points, as the one studied above. They can be used to explain the coincidence 
problem, with the argument that the present will not be the only late-time accelerated epoch experienced 
by our Universe. In standard F{R) , it was found for this same model that it contains at least two de 
Sitter points along the cosmic history. In the same way, the second model studied here (8.40 ), pr ovides 



several de Sitter points in the course of the cosmic history. Note that when fj. = X — ^ , Eq. (8.42 1 turns 
out to be mu ch ni ore simple, it reduces to F{Rq) = , where the de Sitter points are the roots. For 
example, for (8.43) we have i?o(l + iRq) + Ro{<^Rq ~ P) — ^ i where the number of positive roots (de 



Sitter points) depends on the free parameters of the theory. 

Summing up, it has been here shown that, also in F{R) Hofava-Lifshitz gravity, the so-called viable 
models, as (8.351 or (8.40), can in fact reproduce the whole cosmological history of the universe, with no 



need to involve any extra fields or a cosmological constant. 



8.4 Newton law corrections in F{R) gravity 

As is well-known, modified gravity may lead to violations of local tests. We explore in this section how 
to avoid these violations of Newton's law. It is known that F{R) theories include scalar particle. This 
scalar field could give rise to a fifth force and to variations of the Newton law, which can be avoided by a 
kind of the so-called chameleon mechanism |183j . 

In the original Hofava gravity, the projectability condition may cause problems with the Newton law 
[32] but the model without the projectability condition could be inconsistent for the F{R) -model [lOlj . 
The Newton law in the Hofava gravity may be restored by the "healthy" extension [32^ . In this section, we 
do not discuss the gravity sector corresponding to the Hofava gravity but we show that the scalar mode, 
which also appears in the usual F{R) gravity, can decouple from gravity and matter, and then the scalar 
mode does not give a measurable correction to Newton's law. 



To show this, we consider a function of the type (8.34), and rewrite action (8.7) as 
5*= [ dtd^xy^N\{l + f{A)){R-A) + A + f{A)\ , 



(8.44) 



where A is an auxiliary scalar field. It is easy to see that variation of action (8.44) over A gives A — R 



Performing the conformal transformation g. 



(3) _ „-4'5(.3) 



ith 



ln(l + f'{A)) , action 



5* 



1 3 , 3 

h -A UL 

2 2 2^ 



3 9 , 9 

\ + -u 



44) yields 

02-y(0) + L(g(3), 
(8.45) 
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where L{g^^\ (f>) is the conformally transformed term in (8.8), and the scalar potential is 



1 + /'(A(0)) 



B.46) 



Note that, differently from the convenient F{R) , in action (8.45) there is a coupling term between the 
scalar field and the spatial metric g^j , which can thus be dropped, by imposing the following condition 
on the parameters [50] : 

= A - i . (8.47) 

This condition also renders the theory power-counting renormalizable, for the same z as in the original 
Hofava model. 



Let us now investigate the term (8.8). As already pointed out, for local scales, where the scalar 
curvature is assumed to be very small, the theory enters the IR limit, where such term could be written 
as a spatial curvature, 

L(3)(g(3),0)^i?(3). (8.48) 

Then, corrections to the Newton law will come from the coupling that now appears between the scalar 
field and matter, which makes a test particle to deviate from its geodesic path, unless the mass of the 
scalar field is large enough (since then the effect could be very small). The precise value can be calculated 
from 

ld^V{^) _l + f{A) A + f{A) 
2' 



(8.49) 



^2 f"{A) l + f'iA)- 

In view of that, we can now analyze the models studied in the last section. We are interested to see the 
behavior at local scales, as on Earth, where the scalar cur vatur e is around A = R ^ 10~^''eV^ , or in the 



solar system, where A = R 
around these points as 



10 eV . The function (8.351 and its derivatives can be approximated 



7 



f{R) 



7 



7 



Then, the scalar mass for the model (8.35) is given approximately by the expression 

^ n{n — l)a 



B.50) 



B.51) 



which becomes ~ ^^gSOn-ioOgyZ Earth and ^ -[^Q6in-i22 Solar System. We thus see 

that, for n > 2 , the scalar mass would be sufficiently large in order to avoid corrections to the Newton 
law. Even for the limiting case n = 2 , the parameters 7/a can be chosen to be large enough so that any 
violation of the local tests is avoided. 



For the model (8.40), the situation is quite similar. For simplicity, we impose the following condition 

{R - i?o)'"+' 



/o < /i 



R„ 



fiR 



2n+l 



Then, function (8.40) and its derivatives can be written, for small values of the curvature, as 
frm 1 , /o fvm (2» + l)/o 2(2n+l)(2n + 2)/o 



n+1 



j2^2„+3 



Using now the expression for the scalar mass (8.49), this yields 

2 /2i?2«+3 



1 



2(2n + l)(n+l)/o /i 



.52) 



(8.53) 



(8.54) 
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Hence, as R is very small at solar or Earth scales ( 10~^° ^^eV^), and = ^77 10^°'"^^eV^ is 
the effective cosmological constant at inflation, which is much larger than the other term, it turns out 



that the second term on the rhs of (8.54) will dominate, and the scalar mass will take a value such as 



/i 



2Q20~38gY2 ^ ^Jj^jqJj^ jg large enough as compared with the scalar curvature. As a consequence 



there is no observable correction to Newton's law. 



We have thus shown, in all detail, that the viable models (8.35) and (8.401 do not introduce any 
observable correction to the Newton law at small scales. This strongly supports the choice of F{R) 
gravity as a realistic candidate for the unified description of the cosmological history. 



8.5 Finite-time future singularities in F{R) gravity 



It is a well-known that a good number of effective phantom/quintessence-like dark energy models end their 
evolution at a finite-time future singularity. In the current section, we study the possible future evolution 
of the viable F{R) Hofava-Lifshitz gravity considered above. It has been already proven [5D] that power- 
law F{R) HL gravities may lead, in its evolution, to a finite-time singularity. In order to properly define 
the type of future singularities, let us rewrite the FRW Eqs. (8.13) and (8.151 in the following way 



3A- 1 



Pcff ■ 



-SH-" - 2H 



3A- 1 



Pcff , 



(8.55) 



where 



1 



Pee 



Pcff 



K?F'{R) 
1 



-F{R) + 3(1 - 3A + 9fi)H^F'{R) - Q^iHF'{R) - 6fiHRF"{R) + p„ 



F{R) - {6fiH + 3(1 - 3A + 9fi)H^)F'(R) - 2(1 - 3X)RF"{R) 



K^F'{R) 
+2/i llfF'-^^R) + RF"{R) 



(8.56) 



Then, using the expressions for the effective energy and pressure densities just defined, the list of future 
singularities, as classified in Ref. [246) , can be extended to F{R) gravity as follows: 



• Type I ("Big Rip"): For i — > , a 00 and peff ^ 00 , |p| ^ 00 . 

• Type II ("Sudden"): For t ~> tg , a — > and p^s -> Ps j bcffi — >■ 00 



• Type III: For t t 



s ; 



a 



as and p^ff 00 , |poff | -> 00 . 



Type IV: For t tg , a — > and pcff ^ Ps , PcS ~> Ps but higher derivatives of Hubble parameter 
diverge. 



To illustrate the possibility of future singularities in viable F{R) gravity, we explore the model (8.35), 
which has been studied in Ref. |239j for the convenient F{R) case, where it was shown that this model 
is non-singular, in the particular case n = 2 . Also, it is known that for most models of F{R) gravity, 
the future singularity can be cured by adding a term proportional to R^ (see Ref. [1]) or a non-singular 
modified gravity action [2391. However, this is not possible to do in the Hofava-Lifshitz gravity where. 



even for the simple model (8.351 with n = 2 , a, singularity can occur unless some restrictive conditions 



on the parameters are imposed. 
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In order to study the possible singularities that may occur from the above list, we consider a Hubble 
parameter close to one of such singularities, given by the following expression 



H{t) 



ho 



B.57) 



where ho and q are constant. Depending on the value of q , the Hubble parameter (8.571 gives rise to a 
particular type of singularity. Thus, for q > I , it gives a Big Rip singularity, for — 1 < g < a Sudden 
Singularity, for < q < 1 a Type III singularity and for q < — 1 , it will produce a Type IV singularity. 
Using the expression 



of g , as 



12 1 with (8.57), the scalar curvature can be approximated, depending on the value 



3(1-3A+6m)^5 
u ^ J 3(l — 3X+6ii)hl+6iJ.qho 

(ta-t)9 + l 



for 
for 
for 



q>l 

q = l 
q<l 



B.58) 



The model (8.351 which, as has been shown, unifies the inflationary and the dark energy epochs, makes 



the scalar curvature grow with time so that, close to a possible future singularity, the model can be 
approximated as F{R) ^ i?" , where n > 1 . For the case q > 1 , it is possible to show, from the FRW 
Eqs. (8.13) and (8.151, that the solution (8.57) is allowed for this model just in so me special cases: (i) 
For n — 3/2 and /i = 2A — | , which contradicts the decoupling condition (8.471 and the Newtonian 



corrections (where it was found that n > 2). (ii) When /i = and A = 1 /3 , which holds ( |8.47[ ) and 
fixes the values of the parameters, in contradiction with the fact that fluctuations are allowed for them. 



For (7 = 1, the Hubble parameter (8.571 is a natural solution for this model, yielding 



Hit) = 



t.-t 



with ho — 



2fi{n ~ l){2n - 1) 



-1 + 3A - 6fi + 2n{l - 3A + 3^i) 



B.59) 



This model allows for the possibility of occurrence of a Big Rip singularity, unless the parameters of 
the theory are fixed. As pointed out in Ref. |239) . for the case n = 2 the Big Rip singularity can be 
avoided in standard F{R) gravity, which can be easily seen by choosing X = ji = 1 in the solution (8.591. 
Nevertheless, in F{R) gravity, in order to avoid such singularity, the power n of the model has to be 
fixed to the value 

1 



"=2 



2 - 6A + 6^ 



(8.60) 



which can be interpreted as another constraint on the parameters of the theory (although, when the 
decoupling condition (8.471 is satisfied, no constraints can be imposed on rt). In addition, note that 
ho — —hi in (8.37), where we imposed hi > 1 with the aim to reproduce the inflationary epoch, so that 



ho would be negative and the solution 
future doomsday will take place. 



59 ) would correspond to the Big Bang singularity. Thus, no 



For the last case, when q < 1 , we find that the Hubble parameter (8.571 can be a consistent solution 
when Eq. (8.47) is satisfied and q = (n(l — n) — l)/n{n — 2) , although if we impose n > 2 , as it was found 



above, g < — 1 , which implies a future singularity of the type IV. The exception here is when n — 2 , 
that avoids the occurrence of any type of singularity when q < 1 . Nevertheless, even in the case that, for 
any reason, some kind of future singularity would be allowed in the model (8.35), one must also take into 



account possible quantum gravity effects, which may probably become important when one is close to the 
singularity. They have been shown, in phantom models, to prevent quite naturally the occurrence of the 
future singularity [133| . 



In summary, we have here proven that the theory (8.35) can actually be free of future singularities, 
and thus that it can make a good candidate for the unification of the cosmic history. Note that, from 
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the corrections to the Newton law studied in the previous section, as well as from imposing avoidance of 
future singularities, we can fix some of the parameters of the theory. The other constant parameters that 
appear in (8.35 ) — which expresses the algebraic relation between the powers of the scalar curvature — could 
be fixed by comparing the cosmic evolution with the observed data, quite in the same way as has been 
successfully done for standard F{R) gravity in Chapter 6. 



8.6 Discussion 



In summary, we have here investigated the FRW cosmology of a non- linear modified Hofava-Lifshitz F{R) 
gravity theory which has a viable convenient counterpart. We have proven that, for a special choice of 
the parameters, the FRW equations are just the same in both theories, and that the cosmic history of the 
first literally coincides with the one for the viable F{R) gravity. For a more general version of the theory, 
the unified description of the early-time inflation and late-time acceleration is proven to be possible too; 
however, the details of the cosmological dynamics are here diff'erent. Moreover, corrections to Newton's 
law are negligible for an extensive region of the parameter space. We have demonstrated the emergence 
of possible finite-time future singularities, and their avoidance, by adding extra higher-derivative terms 
which turn out to be qualitatively different, as compare with conventional F(R) cosmology. 

Using the approach shown in Chapter 5, one can construct more complicated generalizations of modified 
gravity with anisotropic scaling properties. For instance, one can obtain non-local or modified Gauss- 
Bonnet Hofava-Lifshitz gravities. Technically, this is of course a more involved task, as compared with the 
F{R) case. The corresponding cosmology can in principle be studied in the same way as in the present 
chapter, with expected qualitatively similar results, owing to the fact that the convenient cosmological 
model has been already investigated, in those cases. It is foreseen that the study of such theories will 
help us also in the resolution of the some problems for the theories with broken Lorentz symmetry. For 
instance, it is quite possible that a natural scenario of dynamical Lorentz symmetry breaking, which would 
reduce gravity to the Hofava limit, may be found in this way, what would be certainly interesting. 



Chapter 9 



Stability of cosmological solutions in 
F(R) Hofava-Lifshitz gravity 

n the previous chapter, we showed how modifications of the original Hofava-Lifshitz action can unify 
well inflation and late-time acceleration providing a natural explanation on both effects. In the present 
chapter, general cosmological solutions of the type of spatially flat FLRW will be studied in the frame of 
F(R) Hofava-Lifshitz gravity, and its stability is explored. We specially focus on the study of stability 
of radiation/matter dominated eras, where the Universe expands following a power law, and de Sitter 
solutions, which can well shape the accelerated epochs of Universe evolution. We explore space indepen- 
dent perturbations around these solutions, studying the effects of the extra terms introduced in the field 
equations by considering F{R) gravity. Also the new parameters included in the theory, due to the break- 
ing of the Lorentz invariance, could affect to the Universe evolution. The (in)stability of a cosmological 
solution gives very important information as the possible exit from one phase of the cosmological history, 
constraints on the kind of action F{R) and future observational predictions. An explicit example of a 
F[R) action, where an unstable de Sitter solution is found, is studied. This model performs a successful 
exit from inflation, and produces an instability at the end of matter dominated epoch, such that a phase 
transition may occur. 



9.1 Cosmological solutions and its stability in F{R) gravity 

In this section, we are interested to study the stability of general cosmological solutions in the frame 
of F{R) Hofava-Lifshitz gravity, with special attention to those cosmological solutions that model the 
history of the Universe, as de Sitter or power law solutions. As it was shown in the previous chapter, dark 
energy and even the unification with the inflationary epoch can be reproduced in this new frame of F{R) 
Hofava-Lifshitz theories. The stability of those solutions plays a crucial role in order to get the transition 
from one cosmological phase to another. 



^This Chapter is based on: |269l 
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9.1.1 Stability of general flat FLRW cosmological solutions 



Let us start by studying a general spatially flat FLRW metric. We will focus below specially on de Sitter 
and power law solutions of the type a(t) cx i™ as dark energy epoch and the radiation/matter dominated 
eras are governed by this class of cosmological solutions respectively, so that the implications of the extra 
geometrical terms coming from F{R) could be determinant for the stability and transition during those 
epochs. We assume a general solution, 

H{t) = h{t) . (9.1) 



Then, the scalar curvature R yields, 

Rh{t) = 3(1 - 3A + 6/i)/i2(t) + Qnh{t) 



(9.2) 



Assuming that solution (9.1) is satisfied by a particular choice of F{R) , the FLRW equation has to be 
fulfilled, 

= F{Rh) - 6 [(1 - 3A + 3fi)h^ + fih\ F'{Rh) + 6^^hRhF"{Rh) - k^™ , (9.3) 

where the matter fluid is taken to be a perfect fluid with equation of state Pm = WmPm , with Wm 
constant. By the energy conservation equation pm + 3/i(l + Wm)pm = 0, the evolution of the matter 
energy density can be expressed in terms of the given solution h{t) as, 



Pmh — Pqc 



-3(,1+Wm) J h(t)dt 



(9.4) 



being po a-n integration constant. We are interested to study the perturbatio ns a roimd the solution h{t) 
For that purpose, let us expand the function F{R) in powers of R around (9.2 1, 



F" 



F, 



(3) 



FiR)^Fn + F;^{R-Rh)+^-fiR-Rhf+ g 



(R - Rhf + 0{R - RhY 



(9.5) 



where the derivatives of the function F{R) are evaluated at Rh , given in (9.2). Note that matter 
perturbations also contribute to the stability, inducing a mode on the perturbation. Then, we can write 
the perturbed solution as. 



H{t) = h{t) + 5{t) 



(9.6) 



Hence, by introducing the above quantities in the FLRW equation, the equation for the perturbation S{t) 
becomes (in the linear approximation). 



S + b5 + io^S=J^-^!^S.^ 



where. 



h' 1 - 3A + 3/i , 1 - 3A + 6/^ 



36/^2 /ii^' 

6 ((1 - 3X + 6p)hh + 



(9.7) 



F" 



(3) 



= [1 - 3A + 6/2 - 2(1 - 3A + Zp)h] 



+ (1 - 3A + 6/i) 



-l + iX-'ip 



h 



ph 



/i + - + 6(1 - 3A + 6/i) 



F' 
&p?hF'^ 

l-3A + 6/i 



hh 



P 



F'' 



In this case, the solution for 5{t) can be split in two branches, one corresponding to the homogeneous 
part of the equation (9.7 1, whose solution will depend on the background theory, i.e. on F{R) and its 
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derivatives, and the other one corresponding to the particular solution of the eq. (9.7), which represent 
the solution induced by the matter perturbation, Sm ■ Then, the complete solution can be written as. 



Sit) = Shomgit) + 5inh{t) 



(9.9) 



We are interested on the perturbations induced by the function F{R) and its derivatives, so that we focus 
on the homogeneous solution, Shomg ■ By a first qualitative analysis, we can see that the homogeneous part 



of equation (9.7) yields exponential or damped oscillating perturbations. The form of the perturbations 



will depend completely on the form of the function F{R) and its derivatives evaluated at Rh . Note that 



in general, the equation (9.7) has to be solved by numerical methods. Nevertheless, we could assume some 



restrictions to obtain qualitative information. Let us consider the cases. 



f 3") 

• The trivial case, given by Fl^ = F'^ = = ' makes the perturbation tends to zero, S{t) = , 
and the cosmological solution h{t) is stable. 

• For 7^ and F^^ , F^^^^ , the term that dominates in (9.7) is given by 

F! 



[1 - 3A + 6^ - 2(1 - 3A + 3n)h] 



(9.10) 



And the stability of the cosmological solution h{t) depends on the sign of this term, and therefore, 
on the model F{R) and the solution h{t) . 



For F^,Fl^ but F^^'' ^ , looking at (9.8), the perturbation depends on the value of the last 
term in the coefficients b and o;^ , which can be approximated to. 



6 - 6 ((1 - ■i\ + &n)hh + ^ih 



p(3) 



F" 



iJ - 6(1 - 3A + e^i) 



1 -3A + 6/1 



hh + h 



F, 



(3) 



F" 



(9.11) 



The cosmological solution will be stable in the case that both coefficients (9.11) are greater than 
zero, what yields a damped oscillating perturbation that decays. 



However, in general the equation (9.7) can not be solved analytically for arbitrary solutions h{t) and 



actions F{R) , and numerical analysis is required. Nevertheless, by imposing certain conditions on F{R) 
as above, qualitative information can be obtained. In order to perform a deeper analysis, some specific 
solutions h{t) are studied below, as well as an explicit example of F{R) . 



9.1.2 de Sitter solutions in F(R) gravity 

Let us consider one of the simplest but most important solution in cosmology, de Sitter (dS) solution. As 
dark energy and inflation can be shaped (in its simplest form) by a dS solution, its stability becomes very 
important, specially in the case of inflation, where a successful exit is needed to end the accelerated phase 
occurred during the early Universe. In general, standard F{R) gravity contains several de Sitter points, 
which represent critical points (see [109) ). The analysis can be extended to F{R) Hofava-Lifshitz gravity, 
where the de Sitter solution H{t) = Hq , with Hq being a constant, has to satisfy the first equation 
FLRW equation, 

= F(^o) - &H^{1 - 3A + 3^i)F'{Ro) , (9.12) 

where we have taken C = and assumed absence of any kind of matter. The scalar R is given in this 
case by, 

Ro = 3(1 - 3A + 6fi)H^ . (9.13) 
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Then, the positive roots of equation (9.12) are the de Sitter points ahowed by a particular choice of F{R) 
By assuming a de Sitter solution, we expand F{R) as a series of powers of the scalar R around Rq , 



F" ~ ~ F^^^ - - 
F{R) ^Fo + F(,{R~ Ro) + ^{R~ Rof + -^(^ - ^o)' + 0{R^) 



(9.14) 



Here, the primes denote derivative respect R while the subscript means that the function F{R) and its 
derivatives are evaluated at i?o . Then, by perturbing the solution, the Hubble parameter can be writing 
as, 

H{t) = Ha + 5{t) . (9.15) 



Using (9.141, and the perturbed solution (9.15) in the first FLRW equation, the equation for the pertur- 



bation yields. 



1 



= -Fo - 3H^{1 - 3A + 3/i) - 3Ho [((1 - 3A)F^ + 6F^'H^{-1 + 3A - 6n){-l + 3A - 5(t) 

+6F(;^lHoi~^ + 3A - Sn)6{t) - 12F^' fi^Sit)] . (9.16) 
Here we have restricted the analysis to the linear approximation on 6 and its derivatives. Note that the 



first two terms in the equation (9.161 can be removed because of equation (9.12), which is assumed to be 



satisfied, and equation (9.16) can be rewritten in a more convenient form as. 



. i?o(1^3A + 9A*). 1 
^^'^ + 2^ ^^'^ + 12^^ 



(3A - 1) H - 6H^{1 - 3A + 6^)(1 - 3A + 

^0 



S{t) = . (9.17) 



Then, the perturbations on a dS solution will depend completely on the model, specifically on the deriva- 
tives of F{R) , as well as on the parameters (A, ^) . The instability becomes large if the term in front of 



S{t) (the frequency) in the equation (9.17) becomes negative and the perturbation grows exponentially. 



while if we have a positive frequency, the perturbation behaves as a damped harmonic oscillator. During 
dark energy epoch, when the scalar curvature is very small, the IR limit of the theory can be assumed, 
where X — u, ^ 1 , and the frequency depends completely on the value oi -n& . In order to avoid large 

instabilities during the dark energy phase, the condition > 12Hq has to be fulfilled. Nevertheless, 
when the scalar curvature is large, the IR limit is not a convenient approach, and the perturbation depends 



also on the values of (A, fi) . If we assume a very small Fq , the frequency in the equation ( 9.17 ) dominates 



compared to the other terms, and by assuming A > 1/3 , the stability of the solution will depend on the 



sign of 



F' 



being stable when it is positive. 



9.1.3 Stability of radiation/matter eras: Power law solutions 



In this section, an important class of cosmological solutions is considered, the power law solutions, which 
are described by the Hubble parameter. 



Hit) 



m 
T 



— ^ 



a{t) cx 



(9.18) 



In the context of General Relativity, this class of solutions are generated by a perfect fluid with equation of 
state parameter w = —1 + , and the matter/radiation dominated epochs are approximately described 
Also phantom epochs can be described by this class of solutions when m < 



by (9.18). Also phantom epochs can be described by this class of solutions when m < . Let us study the 
stability for the Hubble parameter ( 9.18| ) , and how the inclusion of extra terms in the action and the new 
parameters ( A,// ) may affect the stability of the solution (9.18). As in the above section, the perturbation 
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equation (9.7) can not be solved analytically in general, although under some restrictions we can obtain 
important qualitative information about the stability of the solution. Then, by assuming an F(R) that 
approximately does not deviate from Hilbert-Einstein action during radiation/matter dominated epochs, 
the second and third derivatives can be neglected Fl^,Ff^ ^ (as they must become important only 
during dark energy epoch and/or inflation). In such a case, the cocfhcicnt in front of 6{t) in the eq. (9.7) 
is approximated as, 

^2 ^ll_3X + 6ti- 2(1 - 3A + 3fi)h{t)] ^^^^^^ ■ (9.19) 

Then, the value of the frequency depends on the time, such that the stability may change along the 
phase. For small values of t , the frequency takes the form cj^ ^ ^2(1 — 3A + 3/i) ^^/f"'' , and assuming 

h 

F' 

X ^ ^ , the perturbations will grow exponentially when > , and the solution becomes unstable. 
While for large t , the frequency can be approximated as ^ (1 — 3A + 6/i) Q^2^£^pii and the instability 



will be large if -f^ < , and a phase transition may occur. 



9.2 Example of a viable F{R) model 



Let us consider an explicit model of F{R) gravity in order to apply the analysis about the stability 
performed above. We are interested to study the stability of radiation/matter dominated eras as well as 
de Sitter solutions. The model considered here, a class of the so-called viable models, was proposed in 
Ref. [237] , and a variant was studied in Chapter 6 in the context of standard gravity and generalized to 
Hofava-Lifshitz gravity in Chapter 9. Let us write the action 



F{R)=xR 



i?"(ai?" -/3) 
1 + 7^" 



(9.20) 



where (x, q;,/3,7) is a set of constant parameters of the theory. In standard gravity, this model can 
reproduce well late-time acceleration with no need of a cosmological constant or any kind of exotic field, 
as well as also inflation, such that the unification of both epochs of the Universe history under the same 
mechanism can be performed (see Ref. |237j ). For simplicity, we assume n = 2 in (9.20) for our analysis. 



The radiation/matter dominated epochs, which can be described by the class of solutions given in (9.18), 



could suffer a phase transition to the era of dark energy due to the instabilities caused by the second term 
of the action (9.20 ). Then, we are interested to study the possible effects produced by the presence of these 



extra geometric terms during the cosmological evolution. By assuming the solution (9.18), and following 
the steps described in the above section, the stability is affected by the derivatives of the function (9.20) 
evaluated at h{t) — m/t . We are interesting in large times, when the end of matter dominated epoch has 
to occur. At that moment the derivatives of F{R) can be approximated as, 



X 



F!' 



-2/3 



F, 



(3) 







(9.21) 



Here for simplicity, we have assumed < /3 << 1 . By means of the analysis performed in the previous 
section, we can conclude that the linear perturbation S{t) grows exponentially, and the radiation/matter 
dominated phase becomes unstabl e for large times, what may produce the transition to another different 
phase. Then, the F{R) function (9.20) can explain perfectly the end of matter dominated epoch with no 



need of the presence of a cosmological constant. 



1 18 CHAPTER 9. STABILITY OF COSMOLOGICAL SOL UTIONS INF(R) HORAVA-LIFSHITZ GRAVITY 



Let us now study the stabihty of de Sitter solutions. It is known that the above model (9.201 may 



contain several de Sitter solutions, which are the solutions of the algebraic equation (9.12) 



Ro~ 



1 



na-ikl''-^ + i?Q^^(277?o - + Rl'^'^-f^Ro + 2na) 



0. 



l+7i?^ (1 

(9.22) 

This equation has to be solved numerically, even for the simple case studied here n — 2 . Nevertheless, 



one of the de Sitter points of this model is defined by a minimum of the second term in the action (9.20) 



By assuming the constraint on the parameters l3j/a S> 1 , the minimum that represents a de Sitter point 
is given by. 



q;7 



1/4 



^'(^o) = X , F{Ro) = Ro-2A , where A ■ 
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(9.23) 



Then, by evaluating the derivatives of (9.20) around Rq and by the equation (9.17) the perturbation S 



can be calculated. Note that the stability condition for de Sitter solution, given by 
satisfied for this case as F^ 



^ > l2Hl , is not 



>> Fg , such that the de Sitter point (9.23) is unstable. By solving eq. (9.17), 



the perturbation is given by exponential functions. 



5{t) = Cie''+* + Cae"-* , with a± 



go(l ^3A + 3/x) 

2lJL 



(9.24) 



Hence, the model (9.20) is unstable around the de Sitter point (9.23), what predicts the exit from an 



accelerated phase in the near future, providing a natural explanation about the end of the inflationary 



epoch, or a future prediction about the end of dark energy era. However, the theory described by (9.20) 



may contain more de Sitter points, given by the roots of equation (9.22), which may be stable. Then, a 



deeper analysis has to be performed to study the entire Universe evolution for this model of F{R) gravity. 



9.3 Discussions 



At the present chapter, we have analyzed spatially flat FLRW cosmology for nonlinear Hofava-Lifshitz 
gravity. Basically we have extended standard F{R) gravity to Hofava-Lifshitz theory, which reduces to 
the first one in the IR limit (where we assume that the parameters (A,/z) are reduced to unity). The 
stability of this general class of solutions has been studied and it is shown that it depends mainly on 
the choice of the function F{R) and in part on the values of the parameters (A, /i) . For large times, 
when the scalar curvature is very small, the main effect of the perturbation on a cosmological solution is 
caused by the value of the derivatives of F{R) . It is shown that in general, the perturbation equation can 
not be solved analytically, even in the linear approach. Nevertheless, under some restrictions, important 
information is obtained, and the (in)stability of the different phases of the Universe history can be studied. 
For specific values of the derivatives of F{R) , a given solution can becomes (un)stable, which means a 
major constraint on models. By analyzing an explicit example in Sect. IV, where an F(R) function of 
the class of viable models is considered, we have found that this kind of theories can well explain the end 
of matter dominated epoch, and reproduces late-time acceleration. We have shown that for this specific 
example, there is a de Sitter point that becomes unstable, what predicts the end of this de Sitter epoch, 
providing a natural explanation of the end of inflationary era. However, as this model (and in general 
every F{R) model) may contain several de Sitter solutions, where some of them can be stable, a further 
analysis of the phase space has to be performed to connect the different regions of the Universe history. 
Hence, the analysis made here provides a general approach for the study of spatially flat FLRW solutions in 
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the frame of higher order Hofava-Lifshitz gravities, whieh can restrict the class of functions F{R) allowed 
by the observations, and it gives a natural explanation of the end of inflation and matter dominated epoch, 
shaping the Universe history in a natural way. 
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Chapter 10 

U(l) Invariant F(R) Hofava-Lifshitz 
Gravity 

he HL gravity is based on an idea that the Lorentz symmetry is restored in IR limit of given theory and 
can be absent at high energy regime of given theory. Exphcitly, Hofava considered systems whose scaUng 
at short distances exhibits a strong anisotropy between space and time, In (D + 1) dimensional space-time 
in order to have power counting renormalizable theory requires that z > D . It turns out however that the 
symmetry group of given theory is reduced from the full diffeomorphism invariance of General Relativity 
to the foliation preserving diffeomorphism The common property of all modified theories of gravity is 
that whenever the group of symmetries is restricted (as in Hofava-Lifshitz gravity) one more degree of 
freedom appears that is a spin-0 graviton. An existence of this mode could be dangerous for all these 
theories (for review, see [262J). For example, in order to have the theory compatible with observations 
one has to demand that this scalar mode decouples in the IR regime. Unfortunately, it seems that this 
might not be the case. It was shown that the spin-0 mode is not stable in the original version of the 
HL theory |174j as well as in SVW generalization |282j . Note that in both of these two versions, it was 
all assumed the projectability condition that means that the lapse function N depends on t only. This 
assumption has a fundamental consequence for the formulation of the theory since there is no local form 
of the Hamiltonian constraint but the only global one. Even if these instabilities indicate to problems with 
the projectable version of the HL theory it turns out that this is not the end of the whole story. Explicitly, 
these instabilities are all found around the Minkowski background. Recently, it was indicated that the 
de Sitter space-time is stable in the SVW setup |177j and hence it seems to be reasonable to consider de 
Sitter background as the natural vacuum of projectable version of the HL gravity. This may be especially 
important for the theories with unstable flat space solution. 

On the other hand there is the second version of the HL gravity where the projectability condition is 
not imposed so that N = N{x.,t) . Properties of such theory were extensively studied in p71 [5T1 [5^ I172[ 
11921 11991 1259| . It was shown recently in [33] that so called healthy extended version of such theory could 
really be an interesting candidate for the quantum theory of reality without ghosts and without strong 
coupling problem despite its unusual Hamiltonian structure [190^ I189| . Nevertheless, such theory is not 
free from its own internal problems. 

Recently Hofava and Melby-Thompson |175j proposed very interesting way to eliminate the spin-0 
graviton. They considered the projectable version of the HL gravity together with extension of the foliation 

^This Chapter is based on: | 191| 
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preserving difFeomorphism to include a local U{1) symmetry. The resulting theory is then called as non- 
relativistic covariant theory of gravity. It was argued there |175j that the presence of this new symmetry 
forces the coupling constant A to be equal to one. However, this result was questioned in |113j where an 
alternative formulation of non-relativistic general covariant theory of gravity was presented. Furthermore, 
it was shown that the presence of this new symmetry implies that the spin-0 graviton becomes non- 
propagating and the spectrum of the linear fluctuations around the background solution coincides with 
the fluctuation spectrum of General Relativity. This construction was also extended to the case of RFDiff 
invariant HL gravities |33J I187j in |186j where it was shown that the number of physical degrees of freedom 
coincides with the number of physical degrees of freedom in General Relativity. 

The goal of this chapter is to extend above construction to the case of F{R) HL gravities. F{R) 
HL gravity can be considered as natural generalization of covariant F{R) gravity as it was pointed out 
in the above chapters, where current interest to F{R) gravity is caused by several important reasons. 
Additionally, it is expected that such modification may be helpful for resolution of internal inconsistency 
problems of the HL theory. Indeed, we will present the example of F{R) HL gravity which has stable 
de Sitter solution but unstable flat space solution. In such a case, the original scalar graviton problem 
formally disappears because flat space is not vacuum state. Hence, there is no sense to study propagators 
structure around flat space. The complete propagators structure should be investigated around de Sitter 
solution which seems to be the candidate for vacuum space. 



10.1 On flat space solutions in F{R) gravity 



Let us now study flat space solutions in F{R) HL gravity. In this section we restrict to the case of 3 + 1 
dimensional space-time. A general metric in the ADM decomposition in a 3-1-1 space-time is given by, 



ds^ = ^N^dt^ + g^fidx' + N'dt){dx^ + N^dt) , 



(10.1) 



where i,j = 1,2, 3, N is the so-called lapse variable, and N'^ is the shift 3 -vector. For flat space the 
variables from the metric (10.1 1 take the values, 



N 



1, 



Ni^Q and gij = go 4 



(10.2) 



where go is a constant. Then, the scalar curvature R — Q , and so that our theory has flat space solution, 
the function F{R) has to satisfy, 

i^(0)=0. (10.3) 



Hence, we assume the condition ( 10.3 1 is satisfied, otherwise the theory has no flat space solution. We are 



interested to study the stability of such solutions for a general F{R) , by perturbing the metric in vacuum 
( 10. 2[ ), this yields, 

= 1 + 5N{t) and = go(l + 5g{t))5,j . (10.4) 

For simplicity, we restrict the study on the time-dependent perturbations (no spatial ones) and on the 
diagonal terms of the metric. Note that, as we are assuming the projectability condition, by performing a 
transformation of the time coordinate, we can always rewrite A^ = 1 . Then, the study of the perturbations 
is focused on the spatial components of the metric gij , which can be written in a more convenient way 
as, 



(10.5) 



By inserting (|10.5|) in the first field equation, obtained by the variation of the action on A^ , it yields at 

I2fi^ F[;S{t)S{t) - Q^i'^F^6^{t) + (-1 + ZX)F^5^{t) = . (10.6) 



lowest order on 5{t) 
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Here the derivatives Fg , Fq are evaluated on R — . Then, the perturbation S will depend completely 
on the kind of theory assumed. We can study some general cases by imposing conditions on the derivatives 
of F{R) . 

• For the case Fq = , it gives 5{t) = , such that at lowest order the flat space is completely stable 
for this case. 



For Fq — and F^' ^ , the differential equation ( 10.6 ) has the solution, 



6it) = Cit (^1 + + C2 (10.7) 

where Ci^2 are integration constants. Then, for this case, the perturbations grow as the power of 
the time coordinate, and flat space becomes unstable. 

Hence, depending on the theory, the flat space solution will be stable or unstable, which becomes very 
important as it could be used to distinguish the theories or analyze their consistency. 



10.1.1 A simple example 

Let us now discuss a simple example. We consider the function, 

F{R) = KoR + KiIT , (10.8) 
where kq i are coupling constants and n > 1 . Note that this family of theories satisfies the condition 



(10.3 1. The values of first and second derivatives evaluated in the solution depend on the value of n in 
( 10^ , 

i^'(0) = Ko, F"{0) = Kin{n-1)R"-^ . (10.9) 
Then, we can distinguish between the cases, 

• For n 2 , we have F"{0) — , and by the analysis performed above, it follows that flat space is 
stable 

• For n = 2 , we have F"(0) = ki , and flat space is unstable. 

Hence, we have shown that the stability of solution depends completely on the details of the theory. 

We can now analyze the de Sitter solution. Using the the analysis performed in the above chapter, we 



can find the de Sitter points allowed by the class of theories given in Eq. ( 10. 



3 (3Hg(l - 3A + 6a^))" (1 - 3A + 6a. - 2n(l - 3A + 3^)) ^ 

-H, (3A - 1)^0 + 2(1-3A + 6a.) " ° ' ^^^■^^> 



Resolving the Eq. (10.10 1, de Sitter solutions are obtained. For simplicity, let us consider n = 2 , in such 



a case the equation (10.10) has two roots for Hq given by. 



3^Ki(l - 3A + 6/_t)(-l + 3A - 2/i) 
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As we are interested in de Sitter points, we just consider the positive root in ( 10.11| ). Then, the stabihty 



of such de Sitter point can be analyzed by studying the derivatives of the function F{R) evaluated in 
Hq . The stability will depend on the value of w , which for this case yields, 

^0 



| = || + 12H5. (10.12) 

In the IR limit of the theory ( A — 1 , /i ^ 1 ), the condition for the stability of de Sitter points ^ > 12Hq 
is clearly satisfied by (10.12). Even in the non IR limit, Fq = 2ki and assuming ki ^ 1 , we have that. 



|| = 3i?o2(l-3A + 6/i) + ^. (10.13) 

As this term is positive, we have that the instabilities will oscillate and be damped, such that the de Sitter 
point becomes stable. 

Thus, we presented the example of the F{R) theory where flat space is unstable solution and de Sitter 
space is stable solution. The problem of scalar graviton does not appear in this theory because one has 
to analyze the spectrum of theory around de Sitter space which is real vacuum. Indeed, flat space is not 
stable and cannot be considered as the vacuum solution. Of course, deeper analysis of de Sitter spectrum 
structure of the theory is necessary. Nevertheless, as we see already standard F{R) gravity suggests the 
way to resolve the pathologies which are well-known in Hofava-Lifshitz gravity. 



10.2 U{1) invariant F{R) Hofava-Lifshitz gravity 

Our goal is to see whether it is possible to extend the gauge symmetries for above action as in |175] . As 
the first step we introduce two non-dynamical fields A, B and rewrite the action for F{R) into the form 

1 /■ -,D 



Sp,^^^ = ^ J dtd^'^^NiBiR -A) + F{A)) . (10.14) 

It is easy to see that solving the equation of motion with respect to A, B this action reduces into the 
original one. On the other hand when we perform integration by parts we obtain the action in the form 

^F{R) = ^ / dtd''^ {^NB{K,,g'^'''Kki - V(.g) - A) 

+^NF{A) - 2fi^NVr.BK + 2^id,B^g'^ d,N) , (10.15) 
where we ignored the boundary terms and where 

VnB^^{dtB^N'd,B). (10.16) 

Let us now introduce U{1) symmetry where the shift function transforms as 

(5„iY,(x, t) = 7V(x, i)V,a(x, t) . (10.17) 

It is important to stress that as opposite to the case of pure Hofava-Lifshitz gravity the kinetic term is 
multiplied with B that is space-time dependent and hence it is not possible to perform similar analysis 
as in |175j . This procedure frequently uses the integration by parts and the fact that covariant derivative 
annihilates metric tensor together with the crucial assumption that N depends on time only. Now due 
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to the presen ce of B field we have to proceed step by step with the construction of the action invariant 
under (10.17|. As the first step note that under (|l0.17l) the kinetic term S^'"" = J dtd^x^K.^g'^'"'' Ku 



transforms as 



In order to compensate this variation of the action we introduce new scalar field v that under (10.17) 
transforms as 

(5„J^(i,x) = a(t,x) (10.18) 

and add to the action following term 

5(1) = ^ j dtd"^^NBK,jg'^''^V^VjV. 



Note that under (10.18) this term transforms as 



5a5(i) = ^ j dtd''^^NBK,,g'''''-\IkVia- ^ j dtd'^ic^NBV^Vjag'''''\IkViv. 
so that we add the second term into the action 

S-C^) = ^ y" dtd^T^^NBV.Vjvg'^^^VkVjU. 



(10.19) 



As a resuh, we find that S""'" + S'^J^ + 5^,^^ is invariant under (10.17) and (10.181. 



As the next step we analyze the vari ation of the B -kinetic part of the action S^"^™ = 
/ dtd^x^NVnBK under the variation ( |l0.17| 

S^S^^"' = ^ y" dtd"^^aV'{V^BK) J dtd'^^^NaV,^ j{g''VnB) . (10.20) 
We see that in order to cancel this variation it is appropriate to add following expression into the action 
S""-^ = -^/i j dtd^^^Nv\/\\/,BK)- j dtd^iiy/gNv\/,\/j[g'^\/nB] 
+ J dtd^Ti^NV^vVkBV^V'u . 



Then it is easy to see that S*^*"'" + S"^" is invariant under ( |iq.l7|) a nd ( |10.18[). Collecting all these 
results we find following F{R) HL action that is invariant under (10.17) and (10.18) 



^ J dtd""^ ygNB{K,,g''^'Kki - V{g) - A) 

+^gNF{A) - 2^i^NVnBK + 2fid,B^g'^ d,N) 

-2^ J d°^dt^vV\V^BK)-2^i j d^ndt^Ni^V.Vjig'^VnB) 

+2 J d^^^NBKijg'^''^\7u^iv + j d'^yi^B\7^\7jvg'^''^\7k^iv. (10.21) 



126 



CHAPTER 10. U(l ) INVARIANT F(R) HORAVA-LIFSHITZ GRAVITY 



Note that we can write this action in suggestive form 

Sp^p,) ^ ^ J dtd^'x {^NB{{K,j + ViVjv)g''''\Ku + VkViv) - V{g) - A) 

+^NF{A) - 2n^N{VnB + V'vV ^B)g'HKj, + + 2fid^B^g'^ d^N) 

(10.22) 

or in even more suggestive form by introducing 

TV, = TV, - NV,u , K,, = ^ {dtg.j - V,N, ~ V^N,) (10.23) 

so that 

S^(fl) = j dtd''^{^NB{K,,g'=^'Kki-V{g)- A) 

+^NF{A) - 2ti^NVr,Bg'^Kj, + 2tid,B^g'^ D^n'^ (10.24) 

is formally the same as the F{R) Hofava-Lifshitz gravity action. Clearly this action is invariant under 
arbitrary a = a(t, x) . Moreover, such an introduction of U(l) symmetry is trivial and does not modify 
the physical properties of the theory. This is nicely seen from the fact that v appears in the action in 
the combination with Ni through Ni where v plays the role of the Stiickelberg field. In order to get 
physical content of given symmetry we follow |175) and [113] and introduce following term into action 



where 



^ j dtd'',^^Bg{g.,,){A - a) , (10.25) 



N ■ 

a = !>-iV'V,i/+— V'V,:/, (10.26) 



where X = . Note a transforms under a variation as 

a'(t,x) = a(i,x) + d(t,x) - /V''(ij x)Via(t, x) . 
Then it is natural to suppose that A transforms under a -variation as 

A!{t, x) = A{t, x) + a{t, x) - N\t, yi)\/^a{t, x) (10.27) 

so that we immediately see that — a is invariant under a -variation. The function Q can generally 
depend on arbitrary combinations of metric g and matter field and we only demand that it should be 
invariant under foliation preserving diffeomorphism and under (10.17) and (10.18). For our purposes it is, 
however, sufficient to restrict ourselves to the models where Q depends on the spatial curvature R only. 
Now one observes that the equation of motion for A implies the constraint 

Bg{R) = (10.28) 

that for non-zero B implies the condition g{R) ~ . Note that this condition is crucial for elimination of 
the scalar graviton when we study fluctuations around flat background. We demonstrate this important 
result in the next section. 



Finally note that it is possible to integrate out B and A fields from the actions (10.24) and (10.25) 
that leads to 



Sf(r) ^ dtd°^^NF{R) , 



R = K^.Q'^^'Kki - V{g) + {dt {^R) ~ 8, {^N^K) } + ^g{A - a) . 



(10.29) 
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This finishes the construction of U{1) invariant F{R) HL theory action. 

10.2.1 Lagrangian for the scalar field 

Now we extend above analysis to the action for the matter field with the following general form of the 
scalar field action 

(10.30) 
(10.31) 

(10.32) 



^matt = -J dtd^'^^NX , 



where 



where F{x) = X + X]n=2 ^^'^ where we defined 



V„0= -(9t<^-A^'a,0). 

Note that this general form of the scalar field action is consistent with the anisotropy of target space-time 
as was shown in [73l HHH [Ml |208l [T821I26T] . 



Now we try to extend above action in order to make it invariant under (10.17). Note that under this 

(10.33) 



variation the scalar field action ( 10.30 1 transforms as 

= -2 y" dtd°^^NV'aV,(jN 



using 



6aX = 2V'aVi0V,, 



We compensate the variation (10.331 by introducing additional term into action 

^matt-. = -2 j dtd''^^vNV\V,<t)V,,4>) + y"dtrf^xV5VVVJi^V,(/.Vj^ 



Then the action (10.351 transforms under (10.17) and (10.18) as 



So^S^^tt-u ^2 J dtd^x^N\/'aV,(j)\/r, 



(10.34) 



(10.35) 



(10.36) 



that compensates the variation (10.33) 



In the same way one can analyze more general form of the scalar action 

^matt = - y dtd^'x^gNKiX) . 



(10.37) 



In order to find the generalization of the action (10.37) which is invariant under (10.17) we introduce two 

(10.38) 



auxiliary fields C , D and write the action (10.37) as 

'S'matt = ■ 



dtd^:iiynjN[KiC) + D{X - C)] 



Clearly this action transforms under (10.17) as 

f^Q "S'matt - 



J dtd^Xyf§ND5aX = -2 y dtd^Xy^ND\/'a\/,(l)\/r 



(10.39) 
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where relation (10.341 is used. It is easy to see that the variation of the following term 

5'matt-i. = 2 j dtd^Xy/c)NDy'iyVi(j)y„(j) + J dtd^^^DV^uV^ vV .cfN ^tj) (10.40) 



compensates the variation (10.39). Finally note that (10.38) together with (10.40) can be written in more 
elegant form 



j dtd°x^N[K{C) + D{X -C)\^- j dtd"x^NK{X) , (10.41) 



where 



X 



-(W^<l>)^+F{g'^d,^d,cl)), 



V,: 



1 

N 



{dt4> - N'V, 



1 

N 



{dt(t> - N'V, + iVVVV, 



In this section we constructed t/(l) -invariant scalar field action in the form which closely follows the 
original construction presented in |175j . In the next section more elegant approach to the construction of 
U{\) invariant F{R) HL gravity and the scalar field action is given. 



10.3 Study of fluctuations around flat background in U{1) in- 
variant F{R) HL Gravity 

Let us analyze the spectrum of fluctuations in case of U{\) invariant F{R) HL gravity for the special case 
/z = . For simplicity we assume that F{R) Hofava-Lifshitz gravity has flat space-time as its solution 
with the background values of the fields 

c^=5,,, 7VW = 1, ivf^=0, y^(o)=0, i.W=0. (10.42) 

Note that for the flat background the equation of motion for B and A takes the form 

V((7(°))- =0, -F'(A(°)) = (10.43) 

that implies that A^^^ , are constants. In order to find the spectrum of fluctuations we expand all 

fields up to linear order around this background 

9ij = ^ij + i^^ij 1 Ni = Kn^, N = 1 + Kn, 

A = A^°^+Ka, B^B'^^^+nh, A = A^'^^+nA, u ^ v'^°^ + nD . 

Since n depends on t only, its equation of motion gives one integral constraint. This constraint does 
not affect the number of local degrees of freedom. For that reason it is natural to consider the equation 
of motion for hij , rii and v only. We further decompose the field hij and rii into their irreducible 
components 

hij = Sij + diWj + djWi + {dtdj - + Jj^i]^ ' (10.44) 

where the scalar h = ha is the trace part of hij while Sij is symmetric, traceless and transverse 

d's,j ^0,d' = S'^dj (10.45) 

and Wi is transverse 

d'w^ = . (10.46) 
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In the same way we decompose 

ni=Ui + d,C (10.47) 

with Ui transverse d^'Ui = . In what follows wc fix the spatial diffcomorphism symmetry by fixing the 
gauge 

w^^Q, M = . (10.48) 
We begin with the equation of motion for Ni 

2Vj{Bg'^''^Kki) + Bg{R)V,iy = 0. (10.49) 

and for 

2\/,\/,{BNg'^'''Kki) + [j^iVgBg) - \/,{^bnv) - l^^^\V9BNg)^ = o. 

Combining these equations and using the equation of motion for A one obtains 

g{R) = (10.50) 

Then 

d ■ N 

B-g - BN'W.g - y (BV.Vg + 2W,BW'g) = . (10.51) 



Further, in the linearized approximation the equation of motion ( 10.49 ) takes the form 

- 2Bo(l - X)d'idkd''C) + Bodkd''u' + - D\)d'h + 2(1 - \)Bod\djd^v) = (10.52) 

using the fact that g{Ro) — and also d'^Sij = d^Sij = and S'^^Sji = 0. Let us now focus on the 

solution of the constraint g{R) = in the linearized approximation. Let -Rq^'' is the solution of the 
equation of motion and let us consider the perturbation around this equation. These perturbations have 
to obey the equation 

g{Ro + 5R) = g{Ro) + %5R - %{R^)5R = . 

dR dR 

We see that in order to eliminate the scalar graviton we have to demand that ^{Ro) 7^ . To proceed 
further note that 

SR,^ = ^[Vf>^v(0)k,^^^ ^ Vf V^(°)/i,fc - vi°V=(°)/i., - Vf^vfh] (10.53) 

where V is the covariant derivative calculated using the background metric 5^^' . Then in the flat 
background it follows 

SR= ^{1-D)d''dkh 

so that the condition SR = implies dkd^h = . Then h = h{t) . However, in this case the fluctuation 
mode does not obey the boundary conditions that we implicitly assumed. Explicitly we demand that all 
fluctuations vanish at spatial infinity. For that reason one should demand that h — Q . Then it is easy to 
see that the equation (10.51) is trivially solved. In the linearized approximation the equation of motion 
for gij takes the form 

^(sy + -^(5^ (1 - \D)h - diiij - 2d^djC + 2d'd^D - 2X6'^dkd''D + 2X5,jdkd''C) 

-— + ^Wd^{A-~a) + 5'^dkd''{A-~a)]=() (10.54) 
gij dR 
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where 

di> 1 

a = h - 

dt 2 

Note that we have not fixed the U{1) gauge symmetry yet. It turns out that it is natural to fix it as 



Then the trace of the equation (10.54) is equal to 



(1 - XD)dkd''C + 6' 



SV2 dg 



dR 



{\- D)d,d'A = 0. 



(10.55) 
; as 
(10.56) 

(10.57) 



Let us again consider the equation of motion (10.52) and take its 9* . Then using the fact that d^Ui — 
one gets the condition C = /(t) that again with suitable boundary conditions implies C — {) . However 

(10.58) 



then inserting this result in (10.52) we find 



dkd'^u,, = 



that also implies Ui — Q . 

To proceed further we now assume that V2 = —R so that = —\dkd^Sij — Rf^[didj — SijO 
Clearly the trace of this equation is proportional to h and hence it implies following equation for d 



dkd''A = . 



(10.59) 



Imposing again the requirement that A vanishes at spatial infinity we find that the only solution of given 
equation is ^ = . Finally the equation of motion for gij gives following result 



dkd^s^j = . 



(10.60) 



In other words, it is demonstrated that under assumption that U{\) invariant F{R) HL gravity has fiat 
space-time as its solution it follows that the perturbative spectrum contains the transverse polarization 
of the graviton only. Clearly, this result may be generalized for general version of theory with arbitrary 
parameter /i . 



Finally wc consider the linearized equations of motion for A and B . In case of A one gets 

- 6 + F"(Ao)a = 

while in case of B we obtain 



dV 
dR 



{Ro)SR-a = 



Using the fact that 5R ^ h = we get from ( |10.62 ) and from ( 10.61 ) 

a^b = 0. 



(10.61) 
(10.62) 

(10.63) 



In other words there are no fiuctuations corresponding to the scalar fields A and B . One can compare this 
situation with the conventional F{R) gravity where the mathematical equivalence of the theory with the 
Brans-Dicke theory implies the existence of propagating scalar degrees of freedom. In our case, however, 
the fact that U{1) invariant F{R) HL gravity is invariant under the foliation preserving diffeomorphism 
allows us to consider theory without kinetic term for B ( /i = ) . 



Thus, it seems U(l) extension of F{R) HL gravity may lead to solution of the problem of scalar 
graviton. 
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10.4 Cosmological Solutions of U{1) Invariant F(R) HL gravity 



Let us investigate the flat FLRW cosmological solutions for the theory described by action for F{R) 



Spatially-flat FLRW metric is now assumed, ds^ — —N'^dfi 
fixing condition for the local U^{\) symmetry as follows, 



^'{t) X]i=i {dx^) , and we choose the gauge 



(10.64) 



In the flat FLRW metric, one gets Ni = and R and Kij only depend on the cosmological time t . 
Therefore, the constraint equation can be satisfied trivially. The FLRW equations are identical wit h the 
corresponding equations in the -gravity in absence of U{1) symmetry given by (8.13) and (8.15) 



. Hence, U{1) extension does not influence the FLRW cosmological dynamics. Let us consider the 
theory which admits a de Sitter universe solution. We now neglect the matter contribution by putting 
Pm = Pm = . Then by assuming H = Hq , first FLRW equation ( |8.15[ ) gives 

= (3 (1 - 3A -t- Q^i) Hi) - 6 (1 - 3A + 3^^) HIF' (3 (1 - 3A -I- 6/i) Hi) , (10.65) 

as long as the integration constant vanishes ( C = ) in ( 8.15[ ). We now consider the following model: 



F(R) (xR + PR^ + jR^ 



(10.66) 



Then Eq. (10.65) becomes 




Hi {l - 3A -f 9/3 (1 - 3A -I- 6/i) (1 - 3A + 2/i) Hi 
+9j (1 - 3A + 6^if (5 - 15A + 12//) H^^ , 



which has the following two non-trivial solutions, 
(l-3A-t-2/i)/3 / 



1 ± 



4(1-3A) (5- 15A + 12/i)7 



2 (1 - 3A + 6/i) (5 - 15A + 12/i) 7 

as long as the r.h.s. is real and positive. If 

4(1-3A) (5 - 15A 12/i) 7 



9(1 -3A + 2/X) 2/32 



9 (1 - 3A + 2/i)^ /32 



«1, 



(10.67) 



(10.68) 



(10.69) 



one of the two solutions is much smaller than the other solution. Then one may regard that the larger 
solution corresponds to the inflation in the early universe and the smaller one to the late-time acceleration. 

More examples of F (i?) theory which can contain more than one dS solution, such that inflation and 
dark energy epochs can be explained under the same mechanism, as it was pointed in the above chapters, 



may be considered. First of all, as generalization of the model (10.66), a general polynomial function may 
be discussed 



F{R)=Y, c^nR" 



n=l 



Here On are coupling constants. Using the equation (|10.65|), it yields the algebraic equation, 

= 



E 



a„i?^ - 2 



1 -3A + 3/i 



1 -3A + 6/1 



(10.70) 



(10.71) 
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By a qualitative analysis, one can see that the number of positive real roots, i.e., of the de Sitter points, 
depends completely on the sign of the coupling constants a„ . Then, by a proper choice, F (^) gravity 
can well explain dark energy and inflationary epochs in a unified natural way. Even it could predict the 
existence of more than two accelerated epochs, which could resolve the coincidence problem. 

Let us now consider an explicit example 

F (R) = - f , (10.72) 



where a,(3,^Tn are constants. By introducing this function in ( |10.65 ), it is straightforward to show that 



for the function (10.721, there are several de Sitter solutions. In order to simplify this example, let us 
consider the case n — 2 , where the equation ( |10.65 ) yields, 



7 - 37A - 3/3iJ^(l - 3A + 6/i)2 + 27aH^{-l + 3A - V)(l - 3A + 6^*)^ = . (10.73) 
The solutions are given by 

^° - 18a(l-3A + 6,k_i + 3A-4,) " + 

± V(l - 3A + 6/i)2 [12a7(-l + 3A)(-1 + 3A - 4/i) + /?2(l - 3A + 6/i)2]| . (10.74) 



Then, by a proper choice of the free parameters of the model, two positive roots of the equation (10.73) 



are solutions. Hence, such a model can explain inflationary and dark energy epochs in unified manner. 



10.5 Discussion 



In summary, in this chapter we aimed to resolve (at least, partially) the inconsistency problems of the 
projectable HL gravity. First of all, it is demonstrated that some versions of F{R) HL gravity may have 
stable de Sitter solution and unstable flat space solution. As a result, the spectrum analysis showing the 
presence of scalar graviton is not applied. The whole spectrum analysis should be redone for de Sitter 
background. 

Second, U{\) extension of F{R) HL gravity is formulated. The analysis of fluctuations of U{1) 
invariant F{R) HL gravity is performed. It is shown that like in case of U{1) HL gravity the scalar 
graviton ghost does not emerge. This opens good perspectives for consistency of such class of models. 
It is also interesting that spatially-flat FLRW equations for U{1) invariant F{R) gravity turn out to 
be just the same as for the one without U{\) symmetry. This indicates that all (spatially-flat FLRW) 
cosmological predictions of viable conventional F{R) gravity are just the same as for its HL counterpart 
(with special parameters choice). 
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Other aspects of FLRW Universes 
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Chapter 11 



Generalizing Cardy-Verlinde formula 
and entropy bounds near future 
singularities 

n the above chapters, several alternatives to explain the dark energy epoch have been analised, and even 
the inflationary phase by means mainly of modifications of gravity, which can be modelled as effective fluids. 
The study of phantom-like or quintessence-like effective dark fluids opens for a number of new phenomena 
which are typical for such a DE universe. For instance, it is known that phantom DE may drive the future 
universe to a so-called finite-time Big Rip singularity (for earlier works on this, see Refs. ^T2\ [T3l ITSl l22l IBT j 

From another side, quintessence-like DE may bring the future universe to a milder future singularity (like 
the sudden singularity p7u2Cil I^I^I^IMl 1551 HDl 1771 IMl fTT^IinifTS^fTMl^ 1^1^ 29511250] 
where the effective energy-density is finite). Actually, the study of Ref.[246J shows that there are four 
different types of future finite-time singularities where the Type I singularity corresponds to the Big Rip, 
the sudden singularity is of Type II, etc. The universe looks quite strange near to the singularity where 
curvature may grow up so that quantum gravity effects may be dominant |133j . In any case, the study of 
the universe under critical conditions (for instance, near a future singularity) may clarify the number of 
fundamental issues relating seemingly different physical theories. 

Some time ago |297) it was shown that the first FLRW equation for a closed FLRW universe may have a 
more fundamental origin than what is expected from standard General Relativity. It was demonstrated that 
this equation may be rewritten so as to describe the universe entropy in terms of total energy and Casimir 
energy (the so-called Cardy-Verlinde (CV) formula). Moreover, it turns out that the corresponding formula 
has a striking correspondence with the Cardy formula for the entropy of a two-dimensional conformal field 
theory (2d CFT). Finally, the formula may be rewritten as a dynamical entropy bound from which a 
number of entropy bounds, proposed earlier, follow. The connection between the standard gravitational 
equation and the 2d CFT dynamical entropy bound indicates a very deep relation between gravity and 
thermodynamics. It raises the question about to which extent the CV formula is universal. Problems of 
this sort are natural to study when the universe is under critical conditions, such as near a singularity. 

The present chapter is devoted to a study of the universality of the CV formula and the corresponding 

^This Chapter is based on: I58| 
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dynamical entropy bound in a DE universe filled with a generalized fluid, especially near the singularity 
regime. Generalization of the CV formula for a multicomponent fluid with interactions, assuming the EoS 
to be inhomogeneous, is presented. It is shown that the standard CV formula with correct power (square 
root) is restored only for some very special cases. The dynamical entropy bound for such fluids near all the 
four types of the future singularity is considered. It is demonstrated that this dynamical entropy bound is 
most likely violated near the singularity (except from some cases of Type II and Type IV singularity). This 
situation is not qualitatively changed even if account is taken of quantum effects in conformally invariant 
theory. Using the formalism of modified gravity to describe an effective dark fluid, the corresponding CV 
formula is constructed also for F{R) -gravity. The corresponding dynamical entropy bound is derived. It 
is shown that the bound is satisfled for a de Sitter universe solution. Further discussion and outlook is 
given in the discussion section. 



11.1 Generalization of Cardy-Verlinde formula in FLRW Uni- 
verse for various types of fluids 

This section is devoted to consideration of the Cardy-Verlinde formula for more general scenarios than 
those considered in previous works (see |2971 1308] ). We consider here a (n -f 1) -dimensional spacetime 
described by the FLRW metric, written in comoving coordinates as 

ds^ = ^dt^ + ^!il^+r^dnl_, , (11.1) 
1 — Kr^ 

where k = —1,0,-1-1 for an open, flat, or closed spatial Universe, a {t) is taken to have units of lenght, 
and is the metric of an n — 1 sphere. By inserting the metric ( 11.1 ) in the Einstein field equations 

the FLRW equations are derived, 

16ttG k ■ 8nG k „x 

H'^-, TtE/^'-^' ^ = 7E(/'»+P') + ^ ■ (11-2) 

nin — 1) ^ — ' n — 1 — ' 

^ ^ i — l i—1 

Here pi — Ei/V and pi are the energy-density and pressure of the matter component i that fills the 
Universe. In this chapter we consider only the fc = 1 closed Universe. Moreover, we assume an equation 
of state (EoS) of the form pi = WiPi with Wi constant for each fluid, and assume at first no interaction 
between the different components. Then, the conservation law for energy has the form 

p^ + nH (p^+p,) ^0 , (11.3) 



and by solving (11.31, we find that the i fiuid depends on the scale factor as 

p, cx a-"(i+«'') . (11.4) 



Let us now review the case of Ref. |308] . where just one fluid with EoS p = wp and w — constant is 
considered. The total energy inside the comoving volume V , E = pV , can be written as the sum of an 
extensive part E-^ and a subextensive part Eq , called the Casimir energy, and takes the form: 

E{S,V)^Ee{S,V) + ]^Ec{S,V) . (11.5) 

Under a rescaling of the entropy ( S — > \S ) and the volume ( — > W ), the extensive and subextensive 
parts of the total energy transform as 

Ee{\S, \V) = \Ee{S, V) , Ec{XS, XV) = X'-^/"Ec{S, V) . (11.6) 
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Hence, by assuming that the Universe satisfies the first law of thermodynamics, the term corresponding 
to the Casimir energy Eq can be seen as a violation of the Euler identity according to the definition in 
Ref.f 



Ec = n{E +pV -TS) 



(11.7) 



Since the total energy behaves as E • 



Ec 



"™ and by the definition (11.5), the Casimir energy also goes as 
The FLRW Universe expands adiabatically, dS = , so the products EcoT"^ and E^a^^ 



should be independent of the volume V , and be just a function of the entropy. Then, by the rescaling 
properties (11.61, the extensive and subextensive part of the total energy can be written as functions of 

13 



the entropy only [308) . 



;;fu;+l 



Ec = 



(11. 



Here a and (3 are undetermined constants. By combining these expressions with (11.51, the entropy of 
the Universe is written as a function of the total energy E and the Casimir energy Ec , |308j . 

/27ra" 



5* 



-^Ec{2E-Ec 



which for w — \/n (radiation- like fluid) reduces to |297) . 

2'na 



S 



^Ec{2E-Ec) , 



(11.9) 



(11.10) 



which has the same form as the Cardy formula given in Ref. |89j. The first FLRW equation (11.2) can be 
rewritten as a relation between thermodynamics variables, and yields 



Sh = —a^/EBH{2E-EBH) , where 5h = (n - 1) ^ 
n 4G 



Ebh = n{n - 1) 



V 



8nGa^ 



(11.11) 



It is easy to check that for the bound proposed in Ref . |297j . Ec < £^bh , the equation for the entropy 
( 11.10 ) coincides with the first FLRW equation ( 11.11 1 when the bound is reached. We will see below that 
when there are several fluid components, the same kind of expression as in Ref. [297| cannot be found. Nor 
is there the same correspondence with the FLRW equation when the bound is saturated. 



Multicomponent Universe 

If m fluids are considered with arbitrary EoS, pi — WiPi , the expression for the total entropy is simple to 
derive just by following the same method as above. The total entropy is given by the sum of the entropies 
for each fluid, 

S^J2^^^Y.[—7^'y^^c{m~E,c)j ■ (11-12) 

This expression cannot be reduced to one depending only on the total energy unless very special conditions 
on the nature of the fluids are assumed. Let us for simplicity assume that there arc only two fluids with 
EoS given by pi = wipi and p2 — W2P2 , wi and W2 being constants. We can substitute the fluids by 
an effective fluid described by the EoS 



P1+P2 , W2-W1 

PcS = Wcspcs , where w^s = ; = wi + — — , 

P1+P2 I + P1/P2 



(11.13) 
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and PefF 5 {Pi 
pi ~ (a/ao)-"(i+"'i) 



P2) , Pcff = +P2) • Then, by using the energy conservation equation (11.3), we find 

and p2 ~ (a/ao)-"(i+"'^) 



where gq is assumed to be the value of the scale factor 
at the time to . The effective EoS parameter Wes can be expressed as a function of the scale factor a{t) 



Weff = Wi + 



W2 ~ Wi 



1 + (a/ao)"(™2""'i) 
The total energy inside a volume V becomes 

Et = Ei+E2 0^ (a/ao)-'™^ + (a/flo)"""'" 



(11.14) 



(11.15) 



As the energy is proportional to two different powers of the scale factor a , it is not possible to write it 
as a function of the total entropy only. As a special case, if the EoS parameters are wi — W2 — Wctf , the 
formula for the entropy reduces to (11.91, and coincides with the CV formula when w^ff — l/n . 



As another case, one might consider that for some epoch of the cosmic history, wi ^ W2 ■ Taking also 
a » oo , we could then approximate the total energy by the function Et oc a""™^ . From (11.5) the 
Casimir energy would also depend on the same power of a , Eq oc a""™^ . The expression (11.9) is again 
recovered with w — W2 ■ 



Thus in general, when a multicomponent FLRW Universe is assumed, the formula for the total entropy 
does not resemble the Cardy formula, nor does it correspond to the FLRW equation when the Casimir 



bound is reached. It becomes possible to reconstruct the formula ( 11.10 ), and establish the correspondence 



with the Cardy formula, only if we make specific choices for the EoS of the fluids. 



Interacting fluids 



As a second case we now consider a Universe, described by the metric ( |ll.ip , flUed with two interacting 
fluids. One can write the energy conservation equation for each fluid as 



pi + nH{pi +pi) = Q , P2+ nH{p2 



-P2) 



-Q 



(11.16) 



where Q is a function that accounts for the energy exchange between the fluids. This kind of interaction 
has been discussed previously in studies of dark energy and dark matter. The effective EoS parameter is 



given by the same expression (11.131 as before. With a specific choice for the coupling function Q , the 



equations (11.16) may be solved. One can in principle find the dependence of the energy densities pi^2 



on the scale factor a . 



= a(t)-"(i+"'i) ( Ci + / a"(i+"'i'g(i)di ) , p2 = a(i)-"(i+"'^) ( Q 



n{l+W2)( 



Q{t)dt] , (11.17) 



where Ci and C2 are integration constants. In general it is not possible to reproduce the CV formula, and 



the result will be a sum of different contributions, similar to the entropy expression given in ( 11.12 ). How 



ever, for the case where the effective EoS parameter (11.14) is a constant, the expression for the entropy 



will be given by equation ( 11.9 ) as before. This condition only holds when — wi — W2 , where the situ- 
ation is thus equivalent to the one-fluid case, and the entropy reduces to the CV formula when WeS = l/n . 



Let us consider a simple choice for the function Q that leads to the CV formula for a certain limit. Let 
Q — Qoo'^H , where to is a positive number, Qo is a constant, and H{t) the Hubble parameter. Then 
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the integral in (11.17) is easily calculated, and the energy densities depend on the scale factor according 
to 

pi ^ Cia-"(i+"'i) + fcia" , p2 = C2a-"(i+'"^) + feja" , (11.18) 

where ki^2 = Qo/{n{l + W1.2) + ^n) . If we restrict ourselves to the regime where a ^ C1.2 such that the 
first terms in the expressions for pi 2 are negligible, the effective EoS parameter becomes 



WcS =Wi + 



W2 - Wi 



1 + 



ki 



(11.19) 



Then, the entropy of the universe is given by (11.9) with w = Wcs . The CV formula can be reproduced 



only with very specific choice of the free parameters, just as above. 



We have thus shown that in general a formula for the entropy of the type ( 11.9 ) cannot be reconstructed 
for interacting fluids. Coincidence with the Cardy formula is obtained if the effective EoS parameter is 
radiation-like, WcS = 1/n . Then the expression for the entropy turns out to be in agreement with the 



formula (11.10), corresponding to the first FLRW equation (11.11) when the Casimir energy reaches the 
bound Ec = £^bh • 



Inhomogeneous EoS fluid and bulk viscosity 



Let us now explore the case of an n+l -dimensional Universe filled with a fluid satisfying an inhomogeneous 
EoS. This kind of EoS, generalizing the perfect fluid model, has been considered in previous chapters as a 
way to describe effectively the dark energy. We assume an EoS expressed as a function of the scale factor, 

p = w{a)p + g(a) . (11.20) 

This EoS fluid could be taken to correspond to modified gravity, or to bulk viscosity. By introducing 



(11.20) in the energy conservation equation (11.3) we obtain 



, , , n(l + w(a)) . . 
p'ia) + ^ —p{a) 



9{a) 



(11.21) 



Here we have performed a variable change t = t{a) such that the prime over p denotes derivative with 
respect to the scale factor a . The general solution of this equation is 



p{a) 



-F{a) 



K 



j where F{a) ^ j / ' da' 



(11.22) 



and K is an integration constant. As shown above, only for some special choices of the functions w{a) 
and g{a) , the formula (11.10 1 can be recovered. Let us assume, as an example, that w{a) = —1 and 
g{a) = —a™ , with m ~ constant. Then, the energy density behaves as p oc a™ . Hence, by following 
the same steps as described above, the extensive and subextensive energy go as a™^" , and by imposing 



conformal invariance and the rescaling properties (11.6 1, we calculate the dependence on the entropy to 
be 

E^ = -. ^Lt^TY^-"/", Ec = - . (11.23) 



47ma- ("'+") ' 47rna-(™+") 

The expression for the entropy is easily constructed by combining these two expressions and substituting 
the extensive part by the total energy. This gives us the same expression as in ( 11.9 ) with w — — {n+'m)/n . 
Note that for m = 



1 



the formula (11.10) is recovered and also its correspondence with the CFT 



formula. However for a generic power m , the CV formula cannot be reconstructed, like the cases studied 
above. Only for some special choices does the correspondence work, leading to the identification between 
the FLRW equation and the Cardy formula. 
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11.2 On the cosmological bounds near future singularities 



In Ref. |297] . Verlinde proposed a new universal bound on cosmology based on a restriction of the Casimir 
energy Ec ; cf. his entropy formula (11.10). This new bound postulated was 



(11.24) 



where i?BH = n{n—l) g^g^2 ■ It was deduced by the fact that in the limit when the Universe passes between 
strongly and weakly self-gravitating regimes, the Bekenstein entropy Sb = '^^E and the Bekenstein- 
Hawking entropy Sbh = {n— 1)4^ , which define each regime, are equal. This bound could be interpreted 
to mean that the Casimir energy never becomes able to reach sufficient energy, i?BH , to form a black hole 
of the size of the Universe. It is easy to verify that the strong ( Ha > 1 ) and weak ( Ha < 1 ) self-gravity 
regimes have the following restrictions on the total energy. 



E < Ebh for Ha<l 
E > Ebb for Ha>l 



(11.25) 



From here it is easy to calculate the bounds on the entropy of the Universe in the case when the Verlinde 



formula (11.10 1 is valid; this is (as shown in the above sections) for an effective radiation dominated 
Universe Wcs ^ l/n . The bounds for the entropy deduced in Ref. |297l for k = 1 are 



S < Sb for Ha<l , 
5 > 5h for i7a > 1 , 



(11.26) 



where Sb is the Bekenstein entropy defined above, and 5'h is the Hubble entropy given by ( 11.11 1. Note 
that for the strong self-gravity regime. Ha > 1 , the energy range is Eq < -Ebh < E . According to 
the formula (11.10 1 the maximum entropy is reached when the bound is saturated, Eq — Ebh ■ Then 
5* = , such that the FLRW equation coincides with the CV formula, thus indicating a connection with 
CFT. For the weak regime. Ha < 1 , the range of energies goes as Ec < E < Ebb and the maximum 
entropy is reached earlier, when E^ = E , yielding the result S = Sb ■ The entropy bounds can be 
extended to more general cases, corresponding to an arbitrary EoS parameter w . By taking the bound 



(11.24) to be universally valid one can easily deduce the new entropy bounds for each regime, from the 
expression of the entropy (11.9). These new bounds, discussed in Ref. |308j . differ from the ones given 



in (11.26), but still establish a bound on the entropy as long as the bound on Ec expressed in (11.24) 



is taken to be valid. The entropy bounds can be related through the first FLRW equation, yielding the 
following quadratic expression (for fc = 1 ), 



+ (^B 



Sbh)'^ 



Si 



(11.27) 



We would like to study what happens to the bounds, particularly to the fundamental bound ( 11.24[ ), when 
the cosmic evolution is close to a future singularity; then the effective fluid dominating the cosmic evolution 
could have an unusual EoS. As shown below, for some class of future singularities such a bound could 
soften the singularities in order to avoid violation of the universal bound (11.24). It could be interpreted 



to mean that quantum effects become important when the bound is reached. However, as the violation of 
the bound could happen long before the singularity even in the presence of quantum effects, it could be 
a signal of breaking of the universality of the bound (11.24). Let us first of all give a list of the possible 



future cosmic singularities, which can be classified according to Ref. |246j as 



• Type I ("Big Rip"): For t tg , a — 00 and p — 00 , |p| — >• 00 . 

• Type II ("Sudden"): For t ^ ts , a ^ as and p — > ps , |p| 00 
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• Type III: For t ^ ts , a — > Os and p oo , \p\ oo . 

• Type IV: For t ^ ts , a — > and p ^ ps , p ^ Ps but higher derivatives of Hubble parameter 
diverge. 

Note that the above hst was suggested in the case of a flat FLRW Universe. As we consider in this chapter 
a closed Universe ( fc = 1 ) , we should make an analysis to see if the list of singularities given above is also 
valid in this case. It is straightforward to see that all the singularities listed above can be reproduced for a 
particular choice of the effective EoS. To show how the cosmic bounds behave for each type of singularity, 
we could write an explicit solution of the FLRW equations, expressed as a function of time depending on 
free parameters that will be fixed for each kind of singularity. Then, the Hubble parameter may be written 
as follows 

H(t) = J -\=H,{U- tr + Ho , (11.28) 

y n(n — 1) 

where m is a constant properly chosen for each type of singularity. Note that this is just a solution 
that ends in the singularities mentioned above, but there are other solutions which also reproduce such 
singularities. We will study how the cosmic bounds behave near each singularity listed above. As pointed 
out in Ref. |133[ 1246] , around a singularity quantum effects could become important as the curvature of 
the Universe grows and diverges in some of the cases. In other words, approaching the finite-time future 
singularity the curvature grows and universe reminds the early universe where quantum gravity effects are 
dominant ones because of extreme conditions. Then one has to take into account the role of such quantum 
gravity effects which should define the behaviour of the universe just before the singularity. Moreover, 
they may act so that to prevent the singularity occurrence. In a sense, one sees the return of quantum 
gravity era. However, the consistent quantum gravity theory does not exists so far. Then, in order to 
estimate the influence of quantum effects to universe near to singularity one can use the effective action 
formulation. We will apply the effective action produced by conformal anomaly (equivalently, the effective 
fluid with pressure/energy-density corresponding to conformal anomaly ones) because of several reasons. 
It is known that at high energy region (large curvature) the conformal invariance is restored so one can 
neglect the masses. Moreover, one can use large N approximation to justify why large number of quantum 
fields may be considered as effective quantum gravity. Finally, in the account of quantum effects via 
conformal anomaly we keep explicitly the graviton (spin 2) contribution. The conformal anomaly Ta has 
the following well-known form 

TA = b(F+lnR) +b'G + b"nR. (11.29) 



3 



Here we assume for simplicity a 3-1-1 dimensional spacetime. Then, F is the square of a 4D Weyl tensor 
and G is the Gauss-Bonnet invariant. 



The coefficients b and b' in ( 11.291) are described by the number of N scalars, iVi/2 spinors, A^i vector 
fields, iV2 gravitons and A^hd higher derivative conformal scalars. They can be written as 

A^ + 6Ari/2 + 12Afi+611A^2-8ArHD , A^ + llA^i/, + 62Ari + 1411Af2 - 28ArHD 

b = ; TT, , b = ; r^q . (11.31) 

120(47r)2 360(47r)2 ^ ' 

As b" is arbitrary it can be shifted by a finite renormalization of the local counterterm. The conformal 
anomaly Ta can be written as Ta ~ ^pA ^'^PA , where pA and pA are the energy and pressure densities 
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respectively. By using (11.29) and the energy conservation equation + 3H{pA +Pa) = , one obtains 
the foUowing expression for pA |217[ I246j , 



PA 



dta^HTA 



/ dta^H 



-12bH^ + 24b\-H^ + H^H + H'^) - (46 + 6b"){H + 7HH + AH^ + 12i/^H)i2) 



The quantum corrected FLRW equation is given by 

SttG 



(P + pa) - 



1 



(11.33) 



3 ■ 

We study now how the bounds behave around the singularity in the classical case when no quantum effects 
are added, and then include the conformal anomaly (11.29) quantum effects in the FLRW equations. We 
will see that for some cases the violation of the cosmic bound can be avoided. 



Big Rip Singularity 



This type of singularity has been very well studied and has become very popular as it is a direct consequence 
in the majority of the cases when the effective EoS parameter is less than —1 , the so-called phantom case. 
Observations currently indicate that the phantom barrier could have already been crossed or it will be 
crossed in the near future, so a lot of attention has been paid to this case. It can be characterized by the 
solution (11.28) with m < —1 , and this yields the following dependence of the total energy density on 
the scale factor near the singularity, when a ^ 1 , for a closed Universe ( 



1 



n{n-l) 2 



1 



(11.34) 



where we have chosen Hi ~ 2/n\l + w\ with w < —I , m = — 1 and Hq = for clarity. This solution 
drives the Universe to a Big Rip singularity for t ^ tg , where the scale factor diverges. If the singularity 
takes p lace, the bound (11.24) has to be violated before this happens. This can be seen from equation 
(11.34), as the Casimir energy behaves as Eq cx a"'™' while the Bekenstein-Hawking energy goes as 
E-Qu oc a"^^ . Then, as w < —1 , the Casimir energy grows faster than the BH energy, so close to the 
singularity where the scale factor becomes very big, the value of Eq will be much higher than E^ , thus 



violating the bound (11.24). Following the postulate from Ref. |297j one could interpret the bound (11.24) 
as the limit where General Relativity and Quantum Field Theory converge, such that when the bound 
is saturated quantum gravity effects should become important. QG corrections could help to avoid the 
violation of the bound and may be the Big Rip singularity occurrence. As this is just a postulate based 
on the CV formula, which is only valid for special cases as shown in the sections above, the bound on Eq 
could not be valid for any kind of fluid. 



Let us now include the conformal anomaly ( 11.29 ) as a quantum effect that becomes important around 
the Big Rip. In such a case there is a phase transition and the Hubble evolution will be given by the 
solution of the FLRW equation (11.33). Let us approximate to get some qualitative results, assuming 
3 + 1 dimensions. Around tg the curvature is large, and \pa\ » {i/n^)H'^ + k/a?' . Then p ^ —pA , 



and from (11.32) we get 



P 



AHp = H -12bH^ + 2Ab'{-H^ 



H^H 



H'^) - {4b + 6b"){H + 7HH 



12H^H) 



We assume that the energy density, which diverges in the classical case, behaves now as 

p--{ts~t)^ , 



(11.35) 



(11.36) 
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where A is some negative number. By using the energy conservation equation p + 3H{1 -\- w)p — , the 
Hubble parameter goes as H ^ l/{ts — t) . We can check if this assumption is correct in the presence of 
quantum effects by inserting both results in Eq. (11.35). We get 



3iJ'*(-13fe + 246') 



(11.37) 



Hence as & > and b' < , p becomes negative, which is an unphysical result. Thus p should not 
go to infinity in the presence of the quantum correction. This is the same result as obtained in Ref . |246] 
where numerical analysis showed that the singularity is moderated by the conformal anomaly, so that the 
violation of the bound that naturally occurs in the classical case can be avoided/postponed when quantum 
effects are included. 



Sudden singularity 



This kind of singularity is also problematic with respect to the bounds, but as the energy density p does 
not diverge, the violation of the bound may be avoided for some special choices. The sudden singularity 



can be described by the solution (11.281 with < m < 1 , and constants iJo.i > . Then the scale factor 
goes as 

Hi 



a{t) oc exp 



TO + 1 



(t. - 0"+' + Hot 



(11.38) 



which gives a{t) ~ e''"* (de Sitter) close to tg . From the first FLRW equation the total energy density 
becomes 



H'it) 



\ = [ffi(i,-i)" + i^o]'+exp 



TO + 1 



{ts - t) 



m+1 



(11.39) 



which tends to a constant p ^ Hq + Q-^^ots fQj. t tg . Then the Casimir energy grows as Eq cx 
HqU^'' + a"~^ , while Ebk oc a"~^ close to tg . The BH energy grows slower than the Casimir energy, 
and the bound is violated for a finite t . However, by an specific choice of the coefficients, the violation of 
the bound (11.24) could be avoided. For Hq = , and by some specific coefficients, the bound could be 
obeyed. In general, it is very possible that Eq exceeds its bound. In the presence of quantum corrections, 
the singularity can be avoided but the bound can still be violated, depending on the free parameters for 
each model. We may assume that in the presence of the conformal anomaly for n = 3 , the energy density 
grows as |246j 

P ^ Po + Pi{ts ~ t)^ , (11.40) 

where pq and pi are constants, and A is now a positive number. Then the divergences on the higher 
derivatives of the Hubble parameter can be avoided, as is shown in Ref. |246j . Nevertheless, Eq still grows 
faster than Equ , such that the Universe has to be smaller than a critical size in order to hold the bound 



(11.24) as is pointed in Ref. |308| for the case of a vacuum dominated universe. 



Type III singularity 



This type of singularity is very similar to the Big Rip, in spite of the scale factor a(t) being finite at the 
singularity. The solution (11.281 reproduces this singularity by taking —1 < m < . The scale factor goes 
as 

Hi 



a{t) — Qs exp 



1 



(ts-ty 



(11.41) 
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where for simplicity we take Hq = . Then, for t ^ ts , the scale factor a{t) — >■ . To see how Eq 
behaves near the singularity, let us write it in terms of the time instead of the scale factor, 

Ec oc a^H^.it, - tf"' + ^ (^.42) 

where m < . Hence, the Casimir energy diverges at the singularity, while -Ebh oc a"~^ takes a finite 
value for the singularity time ts , so the bound is clearly violated long before the singularity. Then, in 



order to maintain the validity of the bound (11.241, one might assume, as in the Big Rip case, that GR is 
not valid near or at the bound. Even if quantum effects are included, as was pointed in Ref . |246] . for this 
type of singularity the energy density diverges more rapidly than in the classical case, so that the bound 
is also violated in the presence of quantum effects. 



Type IV singularity 

For this singularity, the Hubble rate behaves as 

H = Hi{t) + % - tf H2{t) . (11.43) 

Here Hi(t) and H2{t) are regular function and do not vanish at t — tg . The constant a is not integer 
and larger than 1 . Then the scale factor behaves as 



Ina(i)- j dtHi{t) + J dt{t, - tf H2{t) . (11.44) 
Near t = tg , the first term dominates and every quantities like p , p , and a etc. are finite and therefore 



the bound (11.24) would not be violated near the singularity. 



Big Bang singularity 

When the matter with w > coupled with gravity and dominates, the scale factor behaves as 

a ~ isnW . (11.45) 
Then there appears a singularity at t — , which may be a Big Bang singularity. Although the Big Bang 



singularity is not a future singularity, we may consider the bound ( 11.24 1 when t ^ . Since n{l + w) > 2 , 
the energy density behaves as p ~ ^-"(i+^i') and therefore the Casimir energy behaves as Eq ^ a^""' . 
On the other hand, we find -Ebh ^ a"~^ . Then when n > 2 or when n > 2 and w > , Eq dominates 



when a — , that is, when t ^ 0, and the bound (11.241 is violated. This tells us, as expected, that 
quantum effects become important in the early universe. 

Above, we have thus explored what happens near the future cosmic singularities. We have seen that 
in general, and with some very special exceptions on the case of Type II and Type IV, the bound will 
be violated if one assumes the validity of GR close to the singularity. Even if quantum corrections are 
assumed, it seems that the bound will be violated, although in the Big Rip case the singularity may be 
avoided when quantum effects are incorporated. It is natural to suggest, in accordance with Verlinde, that 
the bound on the Casimir energy means a finite range for the validity of the classical theory. When this 
kind of theory becomes saturated, some other new quantum gravity effects have to be taken into account. 



We conclude that the universality of the bound (11.24) is not clear and may hold just for some specific 
cases, like the radiation dominated Universe. 
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11.3 -gravity and the Cardy-Verlinde formula 



We specify here a modified F{R) -gravity modeled as an efi'ective fluid and construct the corresponding 
CV formula for it. The action that describes F{R) -gravity is given by 



S - 



2k2 



(11.46) 



where Lm represents the matter Lagrangian and — 8itG . The field equations are obtained by varying 
the action (11.46) with respect to the metric g^^, , 



1 



Rf..F'{R) ~ ^g^^FiR)+g^,nF'{R) - V^V,F'(i?) = ^^y^m) 



(11.47) 



Here T^™^ is the energy-momentum tensor for the matter filling the Universe, and we have assumed a 
1-1-3 spacetime for simplicity. For closed 3-1-1 FLRW Universe, the modified FLRW equations are 
expressed as 



1 



-FiR) 



3H^ + H 



F{R) - 3{H^ + H)F\R) + iHF"{R)R = k^™ , 



F'{R) - [{duF'{R)) + 2H{dtF\R))] = K^p„ 



(11.4 



where primes denote derivatives respect to R and dots with respect to t . These equations can be rewritten 
in order to be comparable with those of standard GR. For such a propose the geometric terms can be 
presented as an effective energy-density Pf{r) and a pressure Pf{r) j 



3F'{R)^"' ' 3F'{R) 
(i?) + 2HRF"{R) 



2H + 



F'{RY 



F'{R) 



R^F 



RF'{R) - F{R) 



3HRF"{R) 



RF"{R) + -{F{R) - RF'{R)) 



(11.49) 



Then, an EoS for the geometric terms can be defined as Pf(r) = ''J^f(r)Pf(r) ■ We can define an efi'ective 
energy-density p = pm/F'{R) + Pf{r) and pressure p = Pm/F'{R) + Pf{r) ■ Hence, for some special 
cases the formula for the entropy developed in the second section can be obtained in F{R) -gravity (for 
an early attempt deriving a CV formula in a specific version of F{R) -gravity , see I59j ). For example, for 
an F{R) whose solution gives p oc a~^^^'^^''"'> , the formula for the entropy (11.9) is recovered although 



in general, as in the cases studied above, no such expression can be given. On the other hand, one could 
assume that the geometric terms do not contribute to the matter sector. Supposing a constant EoS matter 



fluid, the expression for the entropy is given by (11.9), although the cosmic Cardy formula (11.11) has 



not the same form and in virtue of the modified first FLRW equation (11.48) the form of the Hubble 



entropy Su , the total energy E , and the Bekenstein energy Ebk , will be very different. It is not easy to 
establish correspondence between two such approaches. Note that using the effective fiuid representation 
the generalized CV formula may be constructed for any modified gravity. 

Now we consider the case where F{R) behaves as 

F{R) - R" , (11.50) 

when the curvature is small or large. Then if the matter has the EoS parameter w > — 1 , by solving 



(11.48) we find 



when 



> 



n{l-\-w) 

a - t)^^ijf^) when .^Z , < 



(11.51) 
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Then there may appear a singularity at t = , which corresponds to the Big Bang singularity, or at 
t = ts , which corresponds to the Big Rip singularity. Since the Casimir energy behaves as Ec ~ a""™ 



but Ebr 



, only when t — ^ , Ec dominates in case that n > 2 and w > or in case that n> 2 



and w > . Even in the phantom phase where 



< , the bound (11.24) is not violated 



Let us now consider de Sitter space solution in F{R) -gravity (for review of CV formula in dS or AdS 
spaces, see |65ii66j). As was pointed in the above part of the present thesis, almost every function F{R) 
admits a de Sitter solution. In this case the formula for the entropy ( 11.9 1 can be reproduced for w = — 1 , 



and even the universal bound (11.24) can hold by taking a critical size of the Universe. The formula that 



relates the cosmic bounds in (11.27) is easily obtained also in -gravity for a de Sitter solution. In 

such a case one can identify 



HqV 
2G 



aV FiRo) 
24G F'{Rq) 



S 



BH 



V 

2CkL 



(11.52) 



which corresponds to the first FLRW equation written as 5^ + (5b — S'bh)^ ~ S'^ . Thus, one can conclude 
that dynamical entropy bounds are not violated for modified gravity with de Sitter solutions. Note that 
quantum gravity effects may be presented also as an effective fluid contribution. In case when de Sitter 
space turns out to be the solution, even with the account of quantum gravity the above results indicate that 
dynamical cosmological/entropy bounds are valid. In other words, the argument indicates the universality 
of dynamical bounds. It seems that their violation is caused only by future singularities if they are not 
cured by quantum gravity effects. Note that a large number of modified gravity theories do not contain 
future singularities; they are cured by higher derivatives terms. 



11.4 Discussions 



In summary, we have derived a generalized CV formula for multicomponent, interacting fluids, generalized 
in the sense that an inhomogeneous EoS was assumed. We also considered modified F{R) -gravity, using 
its fluid representation. We showed that for some special cases the formula is reduced to the standard CV 
formula expressing the correspondence with 2d CFT theory. The dynamical entropy bound for all above 
cases was found. The universality of dynamical entropy bound near all four types of the future singularity, 
as well as the initial Big Bang singularity, was investigated. It was proved that except from some special 
cases of Type II and Type IV singularity the dynamical entropy bound is violated near the singularity. 
Taking into account quantum effects of conformally invariant matter does not improve the situation. 

One might think that the dynamical entropy bound is universal and that its violation simply indicates 
that the situation will be changed with the introduction of quantum gravity effects. However, arguments 
given below indicate that it is not the case and that the future singularity is the domain where all known 
physical laws and equations are not valid. Indeed, taking account of quantum effects such as done in section 
VI does not improve the situation with respect to non-universality of the dynamical entropy bound. From 
another side, it was shown that the dynamical entropy bound is valid for the de Sitter solution. Having in 
mind that quantum gravity corrections may always be presented as a generalized effective fluid, one sees 
that the dynamical cosmological bound is not valid near the singularity (even when account is taken of 
Quantum Gravity). It is only when modified gravity (with or without quantum corrections) is regular in 
the future, where the future universe is asymptotically de Sitter, that the dynamical bound remains valid. 
Hence, the problem of non-universality of dynamical entropy bound is related to the more fundamental 
question about the real occurrence of a future singularity. It remains a challenge to find any observational 
indications for the structure of the future universe. 



Chapter 12 



Casimir effects near Big Rip 
singularity 



ere, it is investigated the analytical properties of the cosmic expansion, especially near Big Rip singular- 
ity, for a comic fluid with and without bulk viscosity, and with an oscillating equation of state. We study 
the effects of the inclusion of a Casimir-induced term in the energy-momentum tensor, and its behavior 
near the future singularity. Cosmic fluids - whether considered in the early or in the late epochs - are 
usually taken to be nonviscous, but there are two viscosity (shear and bulk) coefficients naturally occurring 
in general linear hydrodynamics; the linear approximation meaning physically that one is considering only 
first order deviations from thermal equilibrium. The shear viscosity coefficient is evidently of importance 
when dealing with flow near solid surfaces, but it can be crucial also under boundary-free conditions such 
as in isotropic turbulence. In later years it has become more common to take into account viscosity prop- 
erties of the cosmic fluid, however. Because of assumed spatial isotropy in the fluid the shear viscosity is 
usually left out; any anisotropic deviations like those encountered in the Kasner universe become rather 
quickly smoothed out. Thus only the bulk viscosity coefficient, called C > remains in the energy- momentum 
tensor of the fluid. One should here note, however, that at least in the plasma region in the early universe 
the value of the shear viscosity as derived from kinetic theory is greater than the bulk viscosity by many 
orders of magnitude. Cf., for instance, Refs. [SH [Mi- 
Early treatises on viscous cosmology are given in Refs. |1621 1250] . Also in [97|j it is considered viscous 
dark energy and phantom evolution using Eckhart's theory of irreversible thermodynamics. As discussed 
in Refs. [751 1225j . a dark fluid with a time dependent bulk viscosity can be considered as a fluid with an 
inhomogeneous equation of state. Some other recent papers on viscous cosmology are Refs. [1501 1197] . 

A special branch of viscous cosmology is to investigate how the bulk viscosity can influence the future 
singularity, commonly called the Big Rip, when the fluid is in the phantom state corresponding to the 
thermodynamic parameter w being less than — 1 . Some recent papers in this direction are Refs. |43[ I45[ 
H51[501l5^ll63j . In particular, as first pointed out in Ref. [15], the presence of a bulk viscosity proportional 
to the expansion can cause the fluid to pass from the quintessence region into the phantom region and 
thereby inevitably lead to a future singularity. 

The purpose of the present chapter is to generalize these viscous cosmology theories in the sense that 
we take into account the Casimir effect. We shall model the Casimir influence in a different way than in 

iThis Chapter is based on: [STIITgI] 
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the preceding chapter, by writing the total Casimir energy in the same form as for a perfectly conducting 
shell, identifying the cosmological "shell" radius essentially with the cosmic scale factor. This is a very 
simple, though natural, approach to the problem. The approach is of the same kind as that followed in 
an earlier quantum cosmology paper dealing with the expanding FLRW universe in the nonviscous case 
|56j . Other ways of treating the influence from the Casimir effect in cosmology; the reader may consult, 
for instance, Refs. [HI [HI ESSl IM] . 



12.1 Formalism 



We start with the standard spatially flat FLRW metric. We let subscript 'in' refer to present time 
quantities, and choose ti„ — . The scale factor a(t) is normalized such that a(0) = a.m = 1 . The 
equation of state is taken as 

p^wp, (12.1) 

with w constant. As mentioned, w < —I in the phantom region (ordinary matter is not included in the 
model). The bulk viscosity C is taken to be constant. The energy-momentum tensor of the fluid can be 
expressed as 

T^. = pU^^U, + p{g^,, + f/^C/.) , (12.2) 

where C/^ is the comoving four-velocity and p = p — (^6 is the effective pressure, = 3H = Za/a being 
the scalar expansion. The Fricdmann equations take the form 



92 = 247rGp, 
1 

6' 



= -AnGp. 



The energy conservation equation leads to 



p + {p + p)e^ce^ 



(12.3) 
(12.4) 

(12.5) 



From the above equations the differential equation for the scalar expansion, with w and C as free param- 
eters, can be derived as 

^+ ;^(1 + w)6'2 - 127rGC6' = 0. (12.6) 



The solution is, when subscript zero signifies that the Casimir effect is so far left out. 



1 + i(l + w)0™ic(e*/*= - 1) 



Here 6in is the initial (present-time) scalar expansion and tc the 'viscosity time' 

1 



127rGC' 



(12.7) 



(12., 



Since (1 -I- w) < by assumption, it follows from Eq. (12.71 that the future singularity occurs at a rip 
time tsQ given by 

l + W Omtc 



tsO — tc In 

This means that in the nonviscous limit C — > , 

tsO = 



2 1 

1 + W 6in 



(12.10) 
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which is independent of C • At the other extreme, in the high viscosity limit ^ . 

-2 1 

tsO — tc hi 



_ 1 + W 9,ntc 

showing that tgQ becomes smalL The fluid is quickly driven into the Big Rip singularity. 



(12.11) 



12.2 The Casimir effect included 



As mentioned above, a simple and natural way of dealing with the Casimir effect in cosmology is to relate it 
to the single length parameter in the ( = ) theory, namely the scale factor a . It means effectively that 
we should put the Casimir energy Ec inversely proportional to a . This is in accordance with the basic 
property of the Casimir energy, viz. that it is a measure of the stress in the region interior to the "shell" 
as compared with the unstressed region on the outside. The effect is evidently largest in the beginning of 
the universe's evolution, when a is small. At late times, when a — > c» , the Casimir influence should be 
expected to fade away. As we have chosen a nondimensional, we shall introduce an auxiliary length L 
in the formalism. Thus we adopt in model in which 



E, 



C 
2La' 



(12.12) 



where C is a nondimensional constant. This is the same form as encountered for the case of a perfectly 
conducting shell |205j . In the last- mentioned case, C was found to have the value 



C = 0.09235. 



(12.13) 



The expression (12.121 is of the same form as adopted in Ref. [551 EZ])- It is strongly related to the 



assumptions made by Verlinde when dealing with the holographic principle in the universe [297], and 
explored in the previous chapter. 

In the following we shall for definiteness assume C to be positive, corresponding to a repulsive Casimir 



force, though C will not necessarily be required to have the value (12.13). The repulsiveness is a charac 



teristic feature of conducting shell Casimir theory, following from electromagnetic field theory under the 
assumption that dispersive short-range effects are left out ( [551 1205] ). Another assumption that we shall 
make, is that C is small compared with unity. This is physically reasonable, in view of the conventional 
feebleness of the Casimir force. 



The expression (12.12) corresponds to a Casimir pressure 

Pc = 



-1 dE^ _ C 
47r(La)2 d{La) ^ AirL^a'^ ' 



(12.14) 



and leads consequently to a Casimir energy density Pc oc 1/a^ . 
The Casimir energy-momentum tensor 

T'^u = PcU^,U,+Pc{g^,u + U^U,), 
together with the Casimir equation of state = w^Pc , yield the energy balance 

^ + {l + w^)e = 0, 



(12.15) 



(12.16) 
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having the solution p^a^^^'^'^"^ — constant. To get Pc oc we must have Wc = 1/3. The Casimir 

contributions to the pressure and energy density become accordingly 



C 



3C 



The Friedmann equations now become 



1 



= 247rG' p 



87rL4a4 ' 



6 



3C 



= -AnG {wp-CO + 



C 



while the energy conservation equation preserves its form, 

p+{l + w)p0^(:d^. 



(12.17) 

(12.18) 
(12.19) 

(12.20) 



Note again that we are considering the dark energy fluid only, with density p and thermodynamical 
parameter w . The ordinary matter fluid (dust) is left out. 



Solving p from Eq. (12.18) and inserting into Eq. (12.20) we obtain as governing equation for the 
scalar expansion 

+ -(1 + w)e' UnGce = -(1 - 3z«) 2^ . 



It is convenient to introduce the constant a , defined as 

a = -(1 + w) > 0, 

and also to define the quantity X{t) , 

1 



X{t) = 1 - ^aOMe'/'^ - 1), 



which satisfies 



(12.21) 
(12.22) 

(12.23) 
(12.24) 



X(0) = 1, X(<,o)=0. 

In view of the assumed smallness of C we now make a Stokes expansion for 9 to the first order, 

0(t) = 0o(i) + C0i(O + O(C'), (12.25) 
using henceforth the convention that subscript zero refers to the C = case. The zeroth order solution is 

9o{t)^e,nX-^e'''% (12.26) 



in accordance with Eq. (12.7). It corresponds to the zeroth order scale factor 
satisfying ao(0) = 1 as before. 



(12.27) 



As the right hand side of Eq. (12.21) is already of order C, we can replace a{t) with ao(i) in the 

(12.28) 



denominator. Thus we get the following equation for the first order correction coefficient 9i : 

3G 



^1 - («^,„X-ie*/*= + 12^GC) 01 = -(1 - 3«^)^^^ 
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We impose the same initial condition for the scalar expansion as in the C = case: d{0) = Oq{Q) = 9i, 
It means according to Eq. (12.251 that 6'i(0) = . 



The homogeneous solution of Eq. (12.28), caUed 6*1/4 , may be written 



Oih{t) = exp 



Jo 



satisfying 9iii{0) = 1 . The the full solution becomes 



c'l/i 



(12.29) 



(12.30) 



satisfying 9i{0) = 0. The two terms on the right hand side of Eq. (12.25), 6o{t) and C9i{t) , are 
accordingly determined. 



12.2.1 Analytic approximation for low viscosity fluid 



Although in general the expression for 9{t) has to be calculated numerically, the main features of the 
solution can be shown already analytically. Consistent with the assumed smallness of C we need not 
distinguish between the rip time tg corresponding to C 7^ and the rip time t^o corresponding to 
C = . Let us assume for mathematical simplicity the low-viscosity limit 

0,J, » 1, (12.31) 

being physically the most important case also. It corresponds to tso/tc = 2/(a9i„tc) <C 1 . Then, 

(12.32) 



Xit)^la9Ut,o-t)^^-^, 

^ tsQ 



1 



ao{t) 



a tsQ-t' 



(12.33) 



(12.34) 



Both 6'o(i) and ao{t) diverge (a > by assumption). Using Eq. (12.32) we can calculate 9i{t) from 

(12.35) 



Eq. (12.30), 



,{t) = -(l-3«;) 



9G atso l-(l-<Aso)^ 



:+3 



2L4 



9a 



From the expansion (12.25) we thus obtain for the scalar expansion to the first order in C , 

^ ( 9GC aHlo l-(l-iA.o)^+M 



9(t) 



atsQ 1 - t/tso 



1 - (1 - 3w) 



4L4 



9a 



1 - t/t,a 



(12.36) 



The viscosity is absent in this expression. This is as we would expect in view of the low- viscosity approx- 
imation. 



The expression (12.36) cannot, however, be valid near the singularity. The reason is that the Taylor 
expansion in C in Eq. (12.25) is not applicable at t = tso . The solution (12.36) can be applied safely 
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as long as t stays considerably smaller than tgo ■ By making a first order expansion in i/i^o of the 
expression between the curly parentheses we can write the solution in simplified form as 



As (1 — 3w) > this means that 9{t) becomes slightly reduced by the Casimir term. The repulsive 



Casimir force causes the energy density p in Eq. (12.18) to be slightly smaller than in the C = case. 



To deal with the conditions close to the singularity, we have to go back to the governing equations 
themselves. 



Let now t^s denote the singularity time in the presence of viscosity. We thus get 

. f 2 1 

= tjn I 1 + - — 



(12.38) 



It corresponds to 0{ts(^) — oo . We see that ts^ is always less than the singularity time for the nonviscous 
case, 

tsc <tsx=o^ (12.39) 
For the scalar expansion we find close to the singularity, again assuming for simplicity low viscosity so 

that e,ntc > 1 Eni, 



2/a 



In turn, this corresponds to 



Pit) 



(12.40) 

(12.41) 
(12.42) 



12.2.2 On the nonviscous case 



It may finally be worthwhile to consider the entirely nonviscous case, while keeping C > . Let us analyze 



first of all, a simple example when w{t) = Wq is a constant. Setting C = we get from Eq. (12.21) the 
governing equation for the scale factor a : 



1 GC 

a^d + -(1 + 3w)a'^d^ = -(1 - ^w) — . 

Z ALi 



And the general solution for this equation results 

t-t.-- 



ada 



(12.43) 



(12.44) 



where k is an integration constant. When we have a phantom field with « — 1 , the solution takes 
the form: 



a{t) = B 



1 



1 



1/1-3^0 



(12.45) 
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here B = . Note that for t ^ , the scale factor given by ( 12.45 ) diverges, such that the so-cahed 
Big Rip singularity takes place. On the other hand, if we neglect the Casimir contribution < C << 1 , 
the solution for the scale factor yields 



ait) - {t, - t)f ^ (t^ _ i)-§|i+-ol 



(12.46) 



which is the solution in absence of the Casimir term. This solution grows slower than in the above case 



when the Casimir contribution is taken into account ( 12.45 1. Also note that the Rip time tg for each case 



is different if the Casimir contribution is neglected in the second case, due to ts depends on the content 
from the Universe as it can be seen by the first Friedmann equation — to = -H"oa(S^°^'(°)) ' ^'^^^^ 
denotes the current time and ri*(a) is the cosmological parameter for the component i of the Universe 
Let us now to analyze the equation ( |12.21 ) with null viscosity when w — w{t) is a periodic function given 

by, 

w = —1 + wq cos Ljt . (12.47) 



By inserting (12.47) into (12.21), the equation turns much more complicated than the constant case 
studied above. As the Casimir contribution is assumed to be very small, we can deal the equation ( 12.21 ) 
by perturbation methods. Hence, the solution might be written as 



9{t) = 00 + C0i + 0{C^) 



{12.4 



And by inserting (|12.48p into (|12.21|, the zero and first order in perturbations can be separated, and it 

^0 + cosujtOo = , 



yields the following two equations: 



3G 

+ Wo cos LotOoOi = — —J (4wo cos ujt) 



1 



am 



(12.49) 



where oq {t) — exp ^ J 



dt. 



' 3{wi+wasinujt) J solution for thc zero order. We suppose for simplicity 

wi ^ Wo , such that a Big Rip singularity appears when 1 + sin wtg = . As we are interested in the 
possible effects close to the singularity, we can expand the trigonometric functions as series around . 



Then, the second equation in (12.49) takes the form: 

4 



1 



3G 
2^4 



3w^ ts — t 
3wo , 



(4H -{ts~t))e 3c.(t,-t) 



(12.50) 



whose solution is given by 



L(i) = kits ^t)^ +its~ t)^gil/ts - t) , 



where 



Here A 



3GC 
22AB 



4x^6-^" 



4(4^ + B) 
B 



dx 



(12.51) 



3^2 



and B — ^ . Then, we can analyze the behavior from the contribution to the solution 



at first order ( 12.51 ) when the Universe is close to the singularity. When t ^ tg ( a; — > oo ), the function 



(12.51) goes to zero, what means that the Casimir contribution has no effect at the Rip time. 



Thus, we have demonstrated, that dynamical Casimir effect gives no essential contribution to (phantom 
oscillating) dark energy dynamics near to Rip singularity. 
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12.3 Concluding remarks 



Considerable attention has recently been devoted to the behavior of the dark energy fluid near the future 
singularity. Various possibilities have been contemplated. In addition to the references given above, we 
may refer also to the papers [7^1220) . It has even been suggested that the future singularity can be avoided 
via quantum gravity effects. Thus in Ref. |133j it is shown how the universe may turn into a de Sitter 
phase. 



Let us finally summarize our results above: 



If C > and C ~0, the rip singularity time tgo is given by Eq. (12.9). In particular, if C 



then Eq. iU.lOh holds 



If C > and C > , the scalar expansion 6{t) is given by the first-order series ( |12.25 ), with 6o{t) 



and 9i{t) given by Eqs. (12.261 and (12.30). In the low- viscosity case 9intc ^ 1 , 0{t) is given by the 



series (12.36) which, however, is not applicable near the singularity as 9{t) is not analytic in C at the 



singularity. 



Near the singularity, the Casimir effect fades away and the viscous rip time tg^ is given by 



Eq. (12.381. Corresponding values for 9{t), 
(12.42p. 



i{t) and p{t) near the singularity follow from Eqs. (12.401 



If C = and C > , the Rip time is usually longer than in the viscous case. The singularity 
occurs even with the presence of the Casimir term, which does not affect to the evolution, as it can be 
seen in the examples studied. 



Chapter 13 



Conclusions and perspectives 



Let us summarize and analyze the models and results discussed along the present thesis. Possible per- 
spectives for the future theoretical physics in cosmology, in the frame of the theories studied here, are 
discussed here. As commented in the introduction, the main aim of this work is to show how different 
approaches could resolve the problem of dark energy and shape the entire evolution of the history of the 
Universe, from inflation to current epoch. The different answers and intrinsic qiiestions related to each 
model have been analyzed, as none of them is free of its proper unsolved questions. The possibility to 
distinguish between different theories is discussed, where the observations as well as possible predictions 
have to play a fundamental role. 

First of all, we have discussed cosmological models where scalar fields (non-)minimally coupling are 
included. It has been shown that a single scalar-field, with a canonical or phantom kinetic term, is enough 
to shape the entire Universe evolution, where the appearance of different accelerated epochs, inflation and 
current phase, looks to be a natural consequence of the behavior of the scalar field. In this sense, several 
examples have been provided, where different solutions for the Hubble parameter is explored, from de 
Sitter-like solutions to solutions with a rapidly dynamical EoS for the scalar field. In general, models with 
phantom fields contain future singularities, specially the so-called Big Rip singularity, where the scale factor 
diverges. It has been shown that a phantom scalar field could own, among other microscopical problems 
that are not discussed here, divergent instabilities during the transition from canonical to phantom phase 
due to the null kinetic term at the phantom barrier, where a discontinuity is produced. This problem can 
be cured by introducing more than one scalar field, where each field behaves as canonical or phantom but 
they do not have a transition phase. Then, with several scalar fields the unification of late-time acceleration 
and inflation is achieved, and even when the effective EoS parameter for the Universe crosses the phantom 
barrier. The reconstruction of the inflationary epoch when there is more than one scalar field has been 
performed in detail, where a type of slow-roll inflation is reconstructed, what provides constraints on the 
free parameters of the model. 

In theories of the type of Brans-Dicke theory, where an scalar held is coupling directly to the Ricci scalar 
in the action, we have shown that dark energy can also be easily reproduced in this way. This kind of 
theories can lead to severe corrections of the Newtonian law at local scales. Nevertheless, this kind of 
problems can be avoided by the chameleon mechanism. In this sense, we have considered here a coupling 
of the type 1 -|- /((^) , where the function /((^) can be constrained to be null at local scales (and GR is 
recovered) by means of the chameleon mechanism. Another important purpose for studying these theories 
was to compare the solutions in the original (Jordan) frame and in the Einstein frame, both related by 
a conformal transformation. Several examples are provided, and it is shown a very interesting example. 
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where pure de Sitter cosmology in the Einstein frame, transforms into a completely different solution 
(as expected) in the Jordan frame, where the solution contains a singularity. Hence, we can see that a 
regular solution in one frame does not correspond to a regular one in the other, but singular points of the 
spacetime in the other frame can be obtained. 

On the other hand, oscillating cosmologies have been explored by effective dark fluids (those with non- 
static and inhomogeneous EoS that can be effective descriptions of scalar fields or modified gravities). 
It is shown that the current accelerated era can be seen as a phase of the Universe evolution that is 
periodically repeated, and which started with the birth of the Universe and the period of inflation. This 
could provide an answer to the so-called "coincidence problem" as it predicts a periodicity of the behavior 
of the expansion, whose period can be fitted with the estimated age of the Universe. The end could be 
an eternal oscillating Universe, or depending on the parameters of the model, a final future singularity. 
It has been shown that such behavior can be well implemented by scalar fields or modified gravities. 
Also interacting dark energy is considered, at least in an effective way with no microscopic details, where 
a proper interaction could drive the accelerated expansion, such that a signal of a possible interaction 
between dust matter and an unknown dark energy fluid could be distinguished from other models. 
Of course, many questions could be discussed in greater detail, a more realistic matter content should be 
taken into account, and the universe expansion history described in a more precise and detailed way. After 
all, we live in an era of more and more precise cosmological tests. Nevertheless, the effective description 
of the cosmic expansion history presented here in terms of scalar fields or effective dark fluids seems quite 
promising. Using it in more realistic contexts in which, of course, technical details become much more 
complicated, appears to be quite possible. Nevertheless, scalar fields seem more as a toy or effective 
descriptions models than realistic models. 

Non-minimally scalar-tensor theories with a null kinetic term are mathematically equivalent to f{R) 
gravities (though this is surely to be restricted to the classical level). This modification of GR, whose 
starting point is a generalization of the Hilbert-Einstein action, can easily reproduced any cosmic solution. 
Here, we have shown that from a scalar-tensor theory, there is a corresponded f{R) action, such that the 
reconstruction of modified gravity theories of this type can be easily achieved given a cosmic solution and 
using an auxiliary scalar field. The main success of f{R) gravities is that it can naturally explain the 
dark energy epoch with no need of an extra exotic field, and even could act relaxing the vacuum energy 
expected value, what could give an answer to the cosmological constant problem. Several examples of this 
kind of reconstruction have been given, where unification of inflation and late-time acceleration seems to 
be quite possible in f{R) gravities. One has to point out that in higher order gravities, the presence of 
several de Sitter solutions is quite natural, such that accelerated phases along the Universe evolution can 
be seen as normal epochs that depending on each de Sitter point could be a (un)stable phase. 
By using of a new reconstruction technique, based on rewriting the FLRW equations as functions of the 
number of e-foldings instead of the cosmic time, several realistic cosmologies have been reconstructed. It 
has been shown that an exact solution of Hubble parameter, corresponded to an evolution of the kind of 
A CDM model, yields an action composed by a divergent hypergeometric function of the Ricci scalar and 
a cosmological constant, what actually is reduced for the physical case to the Einstein-Hilbert action plus 
a cc, what means that exact A CDM model can be reproduced physically only by GR plus a cosmological 
constant, as it is natural. However, actions can be constructed for f{R) gravity, which in spite of not 
providing an exact A CDM behavior for the Hubble parameter, can mimic a cosmological constant at the 
current epoch (low rcdshift). One of the examples provided here, shows that after a matter dominated 
epoch, the Universe enters in an accelerated expansion phase where the effective EoS parameter w ^ —1 , 
and then it crosses the phantom barrier ending in a future Big Rip singularity. 

It is well known that higher order theories of gravity may lead to important corrections to gravitational 
law at local scales (Ref. |287) ). It is remarkable that even particular modified gravity does not fulfill some 
cosmological bounds. This may be always achieved using new reconstruction techniques via a correspond- 
ing reconstruction at very early universe. Nevertheless, it has been shown that the so-called viable models 
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can avoid problems at small scales, where GR is recovered, such that the effects of higher order terms in 
the field equations become important at cosmological scales (some examples of viable f{R) gravities can 
be found in Rcfs. [551 11761 1234L I286| V In this sense, implementations of this type of models can be recon- 
structed as it has been shown using the same technique, where some corrections to these viable models 
can be introduced to incorporate observational requirements, and not only unified cosmological history is 
reproduced but may also achieve to explain dark matter effects (see Ref. [51]). 

One type of these viable models has been studied, where it is showed that can reproduce quite well inflation 
and late-time acceleration with a power-law phase between them (radiation/matter dominated epochs). 
Even, it was shown that de Sitter solution for inflation can be unstable providing a successful exit from 
this early phase. At low redshifts the cosmological parameter associated to the extra terms in the action 
behaves very similarly to the one by a cosmological constant, but where the effective EoS parameter asso- 
ciated to these geometrical terms has a dynamical behavior, as it is natural, moving from zero at redshifts 
z ~ 1.4 to -1 for redshifts z ~ , and it mimics a cosmological constant at the current epoch. In the 
same model, the effects of the presence of a phantom fluid in the model have been explored. 
On the other hand, it is well known that phantom scalar models in the Einstein frame do not have a 
physical correspondence in the Jordan frame, where F{R) gravity is defined. Nevertheless, the presence 
of a phantom fluid can solve this problem, where the scalar field in the Einstein frame owns a canonical 
kinetic term, and the phantom behavior corresponds solely to the fiuid. 

Also modified gravities where Gauss-Bonnet invariants are evolved have been studied. As equivalent to 
f{R) theories, Gauss-Bonnet gravity can easily reproduce unification of inflation and late-time accelera- 
tion. A model has been considered, where the action is given by R+f{G) , i.e. GR action plus a correction 
coming from a function of the Gauss-Bonnet invariant. This kind of models can easily reproduce A CDM 
model with no need of dark energy. Also the pure Gauss-Bonnet gravity has been explored, where several 
examples of important cosmological solutions have been given. Finally, general models of the type f{R, G) 
have been considered, where similar results are obtained. 

Hence, we have showed that modified gravities can be well reconstructed to reproduce the entire cosmologi- 
cal evolution and keep unchanged the behavior of gravity at local scales, where GR is well tested. Probably 
the next step in this study would be to know how they differ from other kinds of models. The study of the 
evolution of density perturbations may provide some differences that could be measured in the future (see 
Ref. |120j '). Even in the regions of the spacetime where the curvature is very large, as in the neighborhood 
of a black hole, some corrections on the solution from GR could be found (see Refs. [57 1 H^lj ). 

The recently proposal Hofava-Lifshitz gravity has been also studied, which seems to be power-counting 
renormalizable by losing the invariance under full diffeomorphisms. In an equivalent way as the extension 
from GR to f{R) gravity, HL gravity has been extended to more general actions. A generalization of 
HL action shows that unification of accelerated epochs of Universe evolution can be performed. In this 
sense, reconstruction of cosmological solutions have been explored showing that any cosmic solution can 
be reconstructed from a given modification of HL gravity f{R) . Even it seems that the so-called viable 
models in standard f{R) gravity can be extended to HL gravity, where its properties remained unchanged: 
inflation and dark energy epochs are well reproduced while the scalar mode related to f{R) is neglible in 
the Newtonian corrections. The construction of an action free from future singularities has been performed. 
Also the study on the stability of solutions of the FLRW equations have been performed, where important 
information about the restrictions of the gravitational theories is obtained. It was found that f{R) gravity 
can well explain the end of the matter dominated epoch and reproduce the entire cosmic history. Then, 
the theory can well reproduce the Universe evolution and it seems a good promise as a candidate for 
a quantum fleld theory of gravity, in spite of the fact that serious problems are unresolved yet. The 
breakdown of Lorentz invariance supposes that different observers will measure different speeds of light as 
well as the field equations will be different for all of them. However, it is assumed that in the IR limit the 
full diffeomorphism is recovered z = 1 . The main problem of the theory is the existence of a spin-0 mode 
that introduces severe instabilities around the Mikowski background. However, it has been shown here 



158 



CHAPTER 13. CONCLUSIONS AND PERSPECTIVES 



that for some specific actions f{R) , one can find unstable flat solutions but stable de Sitter spacetime, 
which can be considered as the natural vacuum solution of the theory instead of Mikowski spacetime. On 
the other hand, a different approach has been performed in order to recover general covariance in the IR 
limit (see Ref. |175j ) by means of the incorporation of a U{1) symmetry into the theory. Here we have 
extended such theory to more general actions, where the incorporation of higher terms can account for 
the effects of cosmic expansion. 

Hence, we have shown that in the frame of HL gravity, accelerated expansion can be well reproduced as 
well as other features coming from standard /(i?) gravity. However, as it was pointed out, HL gravities 
contain several problems, and in spite of the new proposals, the problem to recover general covariance in 
a natural way does not have a consistent solution yet, but interesting attempts have been explored here. 
Also, as any new science, predictive power has to be provided, so that the breakdown of covariance should 
be measured in some limit. Nevertheless, it seems that the energy scales dealt with in the laboratories are 
far from being able to probe this. 

Finally, in the last part of the thesis, future singularities have been studied, where semiclassical effects 
are taken into account to show its possible effects near the singularities. Accounting for a cosmological 
Casimir effect seems not to cure the occurrence of the Big Rip singularity, but it could affect the cosmo- 
logical evolution as an effective radiation fluid, although its density probably has decayed nowadays. Even 
by taking into account the conformal anomaly, it docs not seem to affect future singularities. Moreover, it 
has been proven that for a cosmology that contains future singularities, universal bounds on the entropy 
are violated, even much before reaching the singularity, what predicts the non-validity of such bounds. 
On the other hand, generalizations of the CV formula have been performed, where it seems that its corre- 
spondence with a 2d CFT is only valid for some special cases, and can not be generalized. Nevertheless, 
the CV formula gives a direct way to the derivation of dynamical bounds for universe and black hole 
entropy bounds. 
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